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DEFORMATIONS OF QFTS AND THE SPACE OF THEORIES

Σ = {𝒜Λ[Φ] 𝒜Λ[Φ] = ∫Λ
dDx ℒ[Φ(x), ∂μΦ(x), ∂μ∂νΦ(x), …]}

Space of “quasi-local” field theories UV cutoff Local density 
(only depends on a space-time point )x

non-locality range < ϵ = Λ−1

⟹

Wilson & Kogut, ‘74
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Σ = {𝒜Λ[Φ] 𝒜Λ[Φ] = ∫Λ
dDx ℒ[Φ(x), ∂μΦ(x), ∂μ∂νΦ(x), …]}

Space of “quasi-local” field theories UV cutoff Local density 
(only depends on a space-time point )x

non-locality range < ϵ = Λ−1

⟹

d
d log ϵ

𝒜Λ = B {𝒜Λ} , B {𝒜Λ} ∈ TΣ
𝒜Λ

On , RG is a flow:Σ
    IR, no pathologyd log ϵ > 0 ⇒

    UV, pathology!d log ϵ < 0 ⇒

Intrinsic UV scale ,  Λ* 𝒜Λ ∉ Σ , ∀Λ > Λ*

UV complete QFTΛ* = ∞ ⇒

Wilson & Kogut, ‘74
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CFT

CFT

Odi
ΦΔ

Odi

ΦΔ+Odi Oδi

Φ̃Δ

CFT/Empty

TT

?

TT
TT
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DOUBLE CURRENT DEFORMATIONS: TT

=
1
2

det
μν

T(α)
μν ∝ T(α)T(α) − Θ(α) 2

Smirnov, Zamolodchikov ’16 
Cavaglià, Negro, Szécsényi, Tateo ‘16 flow:TT

Important:  ∂μTμν = 0

∂
∂α

𝒜α [Φ] = ∫ d2x εμρενσT(α)
μν (x)T(α)

ρσ (x)

Well-defined through point-splitting
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DOUBLE CURRENT DEFORMATIONS: TT

∂
∂α

En(R, α) + En(R, α)
∂

∂R
En(R, α) +

1
R

Pn(R)2 = 0

Irrelevant but controllable at all scales

Solvable, e.g. Burgers equation

Cavaglià, Negro, Szécsényi, Tateo ‘16
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Cavaglià, Negro, Szécsényi, Tateo ’16 
Dubovsky, Gorbenko, Mirbabayi ‘17
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DOUBLE CURRENT DEFORMATIONS: TT

Universal in 2D

Generalisations
Conti, Negro, Tateo ’19 
Hernández-Chifflet, Negro, Sfondrini ’20 
Camilo, Fleury, Léncses, Negro, 
Zamolodchikov ’21 
Córdova, Negro, Schaposnik ‘21

Connection to String Theory 
(free boson  Nambu Goto)⟶

TT

Connection to (Quantum) Gravity

Cavaglià, Negro, Szécsényi, Tateo ‘16

Conti, Negro, Tateo ‘18

Dubovsky, Gorbenko, Mirbabayi ’17  |  Dubovsky, Gorbenko, Hernández-Chifflet ‘18

CDD deformations    S = ΦS0 , Φ
2

= 1
Al. Zamolodchikov ’91 
Mussardo, Simonetti ’00 
Dubovsky, Flauger, Gorbenko ’12 
Caselle, Fioravanti, Gliozzi, Tateo ‘13

Double current deformations ∂α𝒜 = ∫ J ∧ J

≡
This talk! Dubovsky, Negro, Porrati ’23

February 6th, 2023 | Les Diablerets
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DOUBLE CURRENT DEFORMATIONS

  = εab Ja(α) ∧ Jb(α)

∂
∂α

𝒜α [Φ] = ∫ d2x εμνεabJμ
a (x |α)Jν

b(x |α) Dubovsky, Negro, Porrati ’22 
(see also Cardy ’19)

Well-defined through point-splittingd2x ∂μJμ
a = d ⋆ Ja = 0

Double-current flow:
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∂
∂α

𝒜α [Φ] = ∫ d2x εμνRabJμ
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  = Rab Ja(α) ∧ Jb(α)
d2x ∂μJμ

a = d ⋆ Ja = 0 True  if  is a 2-cocycle∀α ω = R−1

ωab = − ωba , f d
ab ωcd + f d

bc ωad + f d
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ab
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DOUBLE CURRENT DEFORMATIONS

Double-current flow: Dubovsky, Negro, Porrati ’22 
(see also Cardy ’19)

Well-defined through point-splittingd2x ∂μJμ
a = d ⋆ Ja = 0

ωab = − ωba , f d
ab ωcd + f d

bc ωad + f d
ca ωbd = 0  : struct. const. of symmetry algebraf c

ab

Define currents invariantly: 𝒜 [Φ] ⟶ 𝒜 [Φ |A] , Jμ
a (x) = −

δ
δAa

μ(x)
𝒜 [Φ |A]

A=0

∂
∂α

𝒜α [Φ] = ∫ d2x εμνRabJμ
a (x |α)Jν

b(x |α)

  = Rab Ja(α) ∧ Jb(α)
True  if  is a 2-cocycle∀α ω = R−1

February 6th, 2023 | Les Diablerets
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TOPOLOGICAL GAUGING: THE ABELIAN CASE

Infinitesimally 𝒜α [Φ] − 𝒜0 [Φ] = α∫ εabJa ∧ Jb + 𝒪 (α2)

Hubbard-Stratonovich e−α ∫ ϵabJa∧Jb = ∫ [DA]e 1
4α ∫ εabAa∧Ab− ∫ Ja∧⋆Aa

Current definition 𝒜0 [Φ |αA] = 𝒜0 [Φ] + α∫ Ja ∧ ⋆Aa + 𝒪 (α2)

⟹ e−𝒜α[Φ] ∼ ∫ [DA]e−𝒜0[Φ |A]+ 1
4α ∫ εabAa∧Ab

Valid at first order in α

February 6th, 2023 | Les Diablerets
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TOPOLOGICAL GAUGING: THE ABELIAN CASE

Quantum definition to all orders in αe−𝒜α[Φ] = ∫ [DA]e−𝒜0[Φ |A]+ 1
4α ∫ εabAa∧Ab

Reproduces the flow equation classically

Aa = 2αεab ⋆ Jb(α) , Ja(α) = −
δ

δAa
𝒜 [Φ |A]

Aa=2αεab⋆Jb(α)

𝒜α [Φ] ?= 𝒜0 [Φ |2αεab ⋆ Jb(α)] − αεab ∫ Ja(α) ∧ Jb(α)

d
dα

𝒜α [Φ] = 2εab ∫ Ja(α) ∧ (Jb(α) + α
dJb(α)

α ) − εab ∫ Ja(α) ∧ (Jb(α) + 2α
dJb(α)

dα ) = εab ∫ Ja(α) ∧ Jb(α)

February 6th, 2023 | Les Diablerets
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TOPOLOGICAL GAUGING: THE ABELIAN CASE

Quantum definition to all orders in αe−𝒜α[Φ] = ∫ [DA DX]e−𝒜0[Φ |A]+ 1
4α ∫ εab(dXa−Aa)∧(dXb−Ab)

Reproduces the flow equation classically

Aa = 2αεab ⋆ Jb(α) , Ja(α) = −
δ

δAa
𝒜 [Φ |A]

Aa=2αεab⋆Jb(α)

𝒜α [Φ] ?= 𝒜0 [Φ |2αεab ⋆ Jb(α)] − αεab ∫ Ja(α) ∧ Jb(α)

d
dα

𝒜α [Φ] = 2εab ∫ Ja(α) ∧ (Jb(α) + α
dJb(α)

α ) − εab ∫ Ja(α) ∧ (Jb(α) + 2α
dJb(α)

dα ) = εab ∫ Ja(α) ∧ Jb(α)

Stueckelberg fields

Gauge invariance

February 6th, 2023 | Les Diablerets
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TOPOLOGICAL GAUGING: THE ABELIAN CASE

Quantum definition to all orders in αe−𝒜α[Φ] = ∫ [DA DX]e−𝒜0[Φ |A]+ 1
4α ∫ εab(dXa−Aa)∧(dXb−Ab)

In empty, featureless space-time

Aa = dba , dba = 2αεab ⋆ Jb(α)

𝒵α = ∫ [DΦ]e−𝒜α[Φ] = ∫ [DΦ]e−𝒜0[e−iqa ∫ dbaΦ] = ∫ [DΦ̃]e−𝒜0[Φ̃] = 𝒵0

Fix    (gauge choice)Xa = 0

𝒜α [Φ] = 𝒜0 [Φ |db] −
1

4α
εab ∫ dba ∧ dbb = 𝒜0 [e−iq(Φ)

a ∫ dbaΦ]

February 6th, 2023 | Les Diablerets
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TOPOLOGICAL GAUGING: ANOMALIES

e−𝒜α[Φ] = ∫ [DA DX]e−𝒜0[Φ |A]+ 1
4α ∫ εab(dXa−Aa)∧(dXb−Ab)

Suppose anomalies are present

February 6th, 2023 | Les Diablerets

[DΦ]e−𝒜0[Φ|A] ⟶ [DΦ]e−𝒜0[Φ|A] eCab ∫ ηadAb
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TOPOLOGICAL GAUGING: ANOMALIES
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Suppose anomalies are present
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TOPOLOGICAL GAUGING: ANOMALIES

e−𝒜α[Φ] = ∫ [DA DX]e−𝒜0[Φ |A]− + 1
4α ∫ εab(dXa−Aa)∧(dXb−Ab)

Suppose anomalies are present

[DΦ]e−𝒜0[Φ|A] ⟶ [DΦ]e−𝒜0[Φ|A] eCab ∫ ηadAb
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Cab ∫ XadAb

Saddle point for Stueckelberg has singular points αc

[Cab −
1

2α
εab] dAb = 0 ⟹ 4α2

c Det(C) + 2αcTr(εC) + 1 = 0
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TOPOLOGICAL GAUGING: ANOMALIES

Example: compact boson 𝒜0[φ] =
β2

2 ∫ dφ ∧ ⋆dφ , φ ∼ φ + 2π

February 6th, 2023 | Les Diablerets

Currents: shift and winding JS = β2dφ , JW =
1

2π
⋆ dφ
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TOPOLOGICAL GAUGING: ANOMALIES

Example: compact boson 𝒜0[φ] =
β2

2 ∫ dφ ∧ ⋆dφ , φ ∼ φ + 2π

February 6th, 2023 | Les Diablerets

Currents: shift and winding JS = β2dφ , JW =
1

2π
⋆ dφ

Deformation easily found 𝒜α[φ] =
β(α)2

2 ∫ dφ ∧ ⋆dφ , β(α) =
π

|α − π |
β

Minimal coupling 𝒜0[φ] = ∫ [ β2

2
(dφ − BS) ∧ ⋆ (dφ − BS) +

1
2π

(dφ − BS) ∧ BW]



Stefano Negro | CCPP, NYU

TOPOLOGICAL GAUGING AND NON-RELEVANT DEFORMATIONS OF QUANTUM FIELD THEORIES

TOPOLOGICAL GAUGING: ANOMALIES

Mixed anomaly! (shift )BW Cab = (
0 0

− 1
2π 0)

February 6th, 2023 | Les Diablerets

Deformation easily found 𝒜α[φ] =
β(α)2

2 ∫ dφ ∧ ⋆dφ , β(α) =
π

|α − π |
β

Minimal coupling 𝒜0[φ] = ∫ [ β2

2
(dφ − BS) ∧ ⋆ (dφ − BS) +

1
2π

(dφ − BS) ∧ BW]

Singular value  Det[C −
1

2αc
ε] = 0 ⟹ αc = π
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TOPOLOGICAL GAUGING: THE S-MATRIX

Redefinition of fundamental fields

 on constant-time slice and γx0→x x1
0 = − ∞

Φ(x) ⟶ Φ̃(γx0→x) = e−2αiqaψaΦ(x) , ψa = εab ∫γx0→x

⋆ Jb

Fix constant s.t.  ψa(x) =
1
2

εa
b [Qb

<(x) − Qb
>(x)]

total -charge to the left of b x

total -charge to the right of b x

Creation operators get dressed  a†
in(xi) ⟶ e−iαεabqa

i (Qb
<(xi) − Qb

>(xi))a†
in(xi)

} Operators!

In (and out) states get dressed  {xi}⟩in
⟶ e−iαεab ∑i<j qa

i qb
j {xi}⟩in

February 6th, 2023 | Les Diablerets
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DOUBLE CURRENT DEFORMATION: AN EXAMPLE

𝒜0 [ϕ] =
2

∑
a=1

∫ d2x [∂μϕ†
a∂μϕa] = ∫ d2x [∂μρa∂μρa + ρ2

a∂μθa∂μθa] , ϕa = ρaeiθa

Consider the phase rotation symmetries

Minimal coupling:       𝒜0 [ϕ |A] =
2

∑
a=1

∫ d2x [(∂μϕa + iAa
μϕa)

†

(∂μϕa + iAa
μϕa)]

Ja
μ = i (ϕ†

a∂μϕa − ϕa∂μϕ†
a) = − 2ρ2

a∂μθa

Solve       
1

2α
εabεμνAb

ν = −
δ

δAa
μ

𝒜0 [ϕ |A] = Jμ
a − 2Aμ

a ϕa
2

February 6th, 2023 | Les Diablerets
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DOUBLE CURRENT DEFORMATION: AN EXAMPLE

𝒜α [ρ, θ] = ∫ d2x
2

∑
a=1 (∂μρa∂μρa +

ρ2
a∂μθa∂μθa

1 + 16α2ρ2
1 ρ2

2 ) −
8αρ2

1 ρ2
2

1 + 16α2ρ2
1 ρ2

2
εμν∂μθ1∂νθ2

The result is a non-linear -model with -fieldσ B

It is a TST transformation of metric   ds2 = dρ2
1 + dρ2

2 + ρ2
1dθ2

1 + ρ2
2dθ2

2 Lunin, Maldacena ‘05

the deformed system is a CFT.

  is a truly marginal operator, even though   are not properly CFT fields!⟹ εabJa ∧ Jb Ja

(θ1, θ2) (θ̃1, θ2)

(θ̃1, θ2 + αθ̃1)(θ1, θ2 + αθ̃1)

T-duality

T-duality

S-transformTST

Obtained by dualising the 
radius of -circleθ1
Buscher ’88  |  Rocek, Verlinde ‘92

February 6th, 2023 | Les Diablerets
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NON-ABELIAN SYMMETRIES AND YANG-BAXTER DEFORMATIONS

∂
∂α

𝒜α [Φ] = ∫ d2x εμνRabJμ
a (x |α)Jν

b(x |α)

Follow the same procedure to get

Borsato, Wulff ‘17These are Deformed T-Dual models

  to Yang-Baxter deformations of ≡ 𝒜0 [Φ]

e−𝒜α[Φ] = ∫ [DA DX]e−𝒜0[Φ |A]+ 1
2α ∫ Tr[Xω(𝒟A)]+ 1

4α ∫ Tr[A ∧ ω(A)]

ω ([A, B]) = [ω (A), B] + [A, ω (B)]

[R (A), R (B)] = R ([R (A), B] + [A, R (B)])

⟹

R = ω−1

generalise TST to non-abelian symmetry

February 6th, 2023 | Les Diablerets
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, CENTRALLY-EXTENDED POINCARÉ AND NON-COMMUTATIVE MINKOWSKITT

Consider : it allows a central extension𝔦𝔰𝔬(2)

Proceed as before in 1st order formalism

−
η

2α ∫ εabdXa ∧ eb +
η

4α ∫ εabea ∧ eb =
η

4α
εab ∫ (dXa − ea) ∧ (dXb − eb)

 is  to  on non-commutative Minkowski space-timeTT ≡ 𝒜0

[Pa, Pb] = ωab = ηεab , [K, Pa] = ε b
a Pb

Aμ = ea
μPa + κμK

Tetrad
Spin connection

The deforming term is JT gravity Dubovsky, Gorbenko, Hernández-Chifflet ‘18

Grosse, Lechner ‘07

Same dressing of scattering matrix Same correlation functions

Shyam, Yargic ‘22
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TOPOLOGICAL GAUGING AND NON-RELEVANT DEFORMATIONS OF QUANTUM FIELD THEORIES

OUTLOOK

To be done:  fit the “higher ” deformations in this frameworkTT Topological gauging of Virasoro subalgebras? 
Higher spin gravity?

Extension to discrete and non-invertible symmetries Φ → WΦ Wilson line

Extension to higher dimensions
Abelian seems possible:   

What about non-abelian?

εa1,…,ad
Aa1 ∧ ⋯ ∧ Aan

Weak “conservation” breaking d ⋆ J = φ , φ ≪ 1

February 6th, 2023 | Les Diablerets
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DOUBLE CURRENT DEFORMATIONS: THE INTEGRABLE CASE

∂
∂α

𝒜α [Φ] = ∫ d2x εμρενσT(s)
μν (x |α)T(s)

ρσ (x |α) Hernandez-Chifflet, Negro, Sfondrini ‘19

Well-defined through point-splitting

Higher-TTbar flow:

Factorized S-matrix known exactly: Sα(θ) = e−iαm2/s sinh sθS0(θ)

= εμν p(s)
1,μp(s)

2,ν

p(s)
j,μ = (cosh sθj , sinh sθj)
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DOUBLE CURRENT DEFORMATIONS: THE INTEGRABLE CASE

∂
∂α

𝒜α [Φ] = ∫ d2x εμρενσT(s)
μν (x |α)T(s)

ρσ (x |α) Hernandez-Chifflet, Negro, Sfondrini ‘19

Well-defined through point-splitting

Higher-TTbar flow:

Factorized S-matrix known exactly: Sα(θ) = e−iαm2/s sinh sθS0(θ)

⟹

Access to TBA equations. Kernel: φα(θ) =
1

2πi
d
dθ

log Sα(θ) = φ0(θ) −
αm2

2π
cosh sθ

ℐ±
s = ∫ dθ e±sθ log[1 + e−ε(θ)]

Higher-spin charge

ε(θ) = r cosh θ − ∫ dθ′ �φα(θ − θ′ �)log[1 + e−ε(θ′�)]

Driving term
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TOPOLOGICAL GAUGING AND NON-RELEVANT DEFORMATIONS OF QUANTUM FIELD THEORIES

DOUBLE CURRENT DEFORMATIONS: THE INTEGRABLE CASE

ε(θ) = r cosh θ +
αm2

π (𝒥+
s + 𝒥−

s ) cosh sθ − ∫ dθ′�φ0(θ − θ′ �)log[1 + e−ε(θ′�)]

ℐ±
s = ∫ dθ e±sθ log[1 + e−ε(θ)]ε(θ) = r cosh θ − ∫ dθ′ �φα(θ − θ′ �)log[1 + e−ε(θ′�)]

Driving term

Modified driving term Different thermal bath    Twisted boundary conditions≡
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DOUBLE CURRENT DEFORMATIONS: THE INTEGRABLE CASE

Modified driving term Different thermal bath    Twisted boundary conditions≡

Generalize:   Consider an arbitrary superposition of deformations

∂
∂αs

𝒜α [Φ] = ∫ d2x εμρενσT(s)
μν (x |α)T(s)

ρσ (x |α)

ε(θ) = ∑
s

[γs (ℐ) esθ + γ−s (ℐ) e−sθ] − ∫ dθ′�φ0(θ − θ′ �)log[1 + e−ε(θ′�)]

GGE

January 24th, 2023 | Torino
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DOUBLE CURRENT DEFORMATIONS: THE INTEGRABLE CASE

Generalize:   Consider an arbitrary superposition of deformations

∂
∂αs

𝒜α [Φ] = ∫ d2x εμρενσT(s)
μν (x |α)T(s)

ρσ (x |α)

ε(θ) = ∑
s

[γs (ℐ) esθ + γ−s (ℐ) e−sθ] − ∫ dθ′�φ0(θ − θ′ �)log[1 + e−ε(θ′�)]

GGE

Knowledge of the undeformed GGE TBA yields results for the deformed theory

[ ∂
∂αs

+ ℐ−s(γ, α)
∂

∂γs
+ ℐs(γ, α)

∂
∂γ−s ] ℐt(γ, α) = 0 ⟺ ℐt(γ, α) = ℐt(γ + α𝓘(γ, α), 0)

Hernández-Chifflet, Negro, Sfondrini ’20
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