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© Motivation: conformal bootstrap
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Ingredients of CFT in d > 2

@ Primaries fields Op, 14,3(xi) and descendants 9, ... 0,04, 41,1 (xi)
labeled by a so(1,1) weight A and so(d) spin labels {/is}.
2 1=0
@ Unitarity bounds: A; 2{ 27
d—2+11, 1 >0

@ Operator product expansion: Coefficients of the conformal block

)

expansion are products OPE coefficients CISZ .
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The conformal bootstrap program

Constrain the scaling dimensions, spins and structure constants from the
associativity of the OPE <= crossing symmetry of all four-point
correlation functions.
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Current status

2 approaches give complementary information about CFT data :
@ Numerical solutions near regular points (OPE converges).

@ Analytic solutions near singularities, e.g. (x; — xJ-)2 — 0.
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Higher point crossing equations and Gaudin Integrability

@ So far : only finite subset of CSEs of low spin fields

@ Exploring all crossing constraints requires infinite system of 4-point
CSEs

@ Alternative : higher points CSEs

\./ [¢6lo,, WA
/\ : [66l0,02.¢ :

This talk:

@ Singularities of multipoint blocks from integrability

@ Applications to large spin CFT data in five-point function.
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© Review: Four-point lightcone bootstrap
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Limits of the BC, Calogero-Sutherland model

Crossing equation for (pppe)
ut > G J@D(M (v,u) =vA ) CX ﬂﬁm V).

AJ AJ

Lightcone limit I
< x,<l=v<ukl ¢(x2)‘ ¢(z1?/;

Physical expectation

@ LHS: isolated sum of leading-twist operators O, = 1, T,,,, ¢%, ... | ]
@ RHS: large spin integral over leading double-twist operators [¢¢]o s | l;
[KZ13]
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Limits of the BC, Calogero-Sutherland model

Casimir operator/CS Hamiltonian:

=udy
~ =
DL =(1—-v—u)d, 9, +9,(29, —d) — (1+v—u), +9,)* =

. 1 (d —2)(d — 4) 1 1

0,1 ¢ > | -a - ©

¢ )2 | TP Tasne | T 32 sinh? 7278 | ginn? 2iim | (O
a=L, —_—

Va(ra)

Vir(TL,7R)

Spectrum known
D%ﬂbAJ =(AA-d)+JJ+d—-2)Ya, = C2(A, Na .

Boundary condition at (u,v) — (0,1) <= (71, 7r) — (400, +00)
Vs v) ~ (1 — v} ~ 4Be (A, J) = (h+ B F— ).
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Limits of the BC, Calogero-Sutherland model

Coordinates

u=z(r)z(tr), v=(1-2z(m))1—-2z(7r)), z(7r)= m

" / L D, = (1 - u)dydy, + O(V°).
1 To
B; " log v, h? = 0(1),

— Ty

w30 _ —or rat(v) V:’O
Niko(2hy¥), B2 = O(v 1),
v d ra v
Vhh h—n(Us v) — F/S )(“) 3 ’ (1—u>

lu%O l

uh(1— v)h=h ey uh(1 — v)h Fy (R, B 2R 1 — v) —— uPaprat(v)
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Solving the CE for large spin CFT data

@ Xis — 0: Block on LHS suppressed by vh:

(u/v)(1+ G, (1w (- u)+...) = G as(uv).
AJ

@ Large spin B2 = O(X;;!) on RHS because DZ,LHS = (1 — u)d,#, LHS
= O(Xg,')LHS.
© Xi» — 0: Block on RHS suppressed by ul.

9 dh -
(u/v)P (L5~ log u+..) = / S iy Vit Ko(2h V).
hy ’

-~ _ 8h*le ! TN Br,* F(Ag)? 7_2n,
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Natural generalization: crossing into comb

"N-1

~ b

Null polygon-type limits: Xj(; 1) — 0 common in conformal gauge
theory and studied in bootstrap, c.f. [BGV21]; [Ber+21]; [Ant+22].

RHS: Multi-twist operators dominate ¢ x --- x ¢ OPEs.
LHS: OPE channel containing ¢(x;) x ¢(xi+1)-
So far: only five and six points.
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9 Lightcone singularities of multipoint integrable system

Jeremy A. Mann (KCL) I.CMP&QFT 2023



Multipoint block integrable systems

Commuting Hamiltonians associated to links (Casimir) and vertices.

| | 12 123 12 123 1234

Hy, Hyp

Spectrum & boundary conditions given by spinning 3-point Gaudin models

sz szs Diys CP(A1,11) | CP(Aq, 11, 4)

H V,red

Comb channels: Hy yeq = @;1(82 + VeErmv (¢, 0¢) + Eermv)©y elliptic
Z/4Z Calogero-Moser [Eti-+11]; [Bur+21d].
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Comb channel coordinates and BCs |

Polynomial cross-ratios

DGaudin = polynomial (u,-, Vi, U, Ouj, v, un )

OPE cross-ratios
(ui7 Vi, Ussa U,6) =
(Z,‘Z,‘, (]- - Zi)(]- - Zi),pOIY(Z,Z, XS: TI))

Boundary conditions

N—3 N—4 N—
12 — ,Z2,T—0 _h: h: .
U 2,1,0) P T 2P TL v T (), Hveat = Eit.
i=1 =2 s=2
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Singularities in null polygon-type limits Xj;1) — 0

Definition
= (X) < Dlxjoex; = €D + DO 4

e c.f. 772 singularity of BC, Calogero-Sutherland potential:
D2, (u, v, 0, 8y) = D0y + - - = O(X3,Y).
@ Higher point comb:
D, = O(X1NlX23 ), Din= O(X1_/\11X3_41)a e
Hy = O(X;y X5 X331), - .-

@ Polynomial CRs = factorization by d's. Very simple to solve!

e 5-point example: ©71D2,0 = v,dysdy,, O 1D2,30 = 1950,

@leV@ =W V28U58V18V2£1(’l9u, 19\,, 19U5).
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e Five-point lightcone bootstrap
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Five-point crossing equation [Kav+22]

2nd
—
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Results

@ LHS: isolated sum of leading-twist operators Oy = 1, T#V,¢2, e

[ ]
@ RHS: large spin OPE coefficients of two leading double-twist
operators [¢]o 4., [BGV21]; [Ant27]
@ Higher resolution of OPE coefficients when X3 = finite: discrete
basis of tensor structures Hyt(a jy.t, = Et(V)¥(a syt ¥ = 0,1,
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Relevant limits of the 5-point integrable system | ]

Cyclic cross-ratios

5
(u12, u23, U4, uas, u1s) = (2, v1, va, 2, 25, uj = O(Xj).

@5_12)‘%5@5 = (1 - U45)8u158U34 +..

3
2 4

1 5

0 ra \4
Osthoie(uiir1)) —2""— F(ura, uas )5y (12 tas)

lu12,45ﬁo l

w3 (1= v) M (X) g 0" (= v) ulb g Fa(v, tns) ——— w3 ugRofi(v, i)

We can solve Fpy,, 95"
@ Fpyp: Hypergeometric integral formula, c.f. [FGG71]
@ Yf(v1, v2, uis): Hypergeometric power series (k3 = O(1)) or sum of Bessel
functions (h3 = O(X;5' X3,1)).
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Relevant limits of the 5-point integrable system |

Most singular example:

o M = O(X5' Xp3h), ©51 D305 = Ouyy i

o h3 = O(X5' X31), ©51D3,05 = Ous i

o £ = O(Xs' X3 X521), ©5 T HYO5 = 011y Ouisa Ous L1(9y O, D ys)
(P uas+ 3 usa) (s +hy 2y 2 Er))

. ; ’Chrzhdrﬁlfi}z(
Solution 72! = N; - = on _p_d2
; (h%u23+h§u34)h2 2hy—h1— 5=

Less singular example: h? = O(X}3!) = E;. Solution in terms of K,, and
spectrum given by

. d 21 d

— Vertex operators analytically solvable near singularities.
= We have used these asymptotics to obtain new large spin 5-point CFT data
from lightcone limits.

Jeremy A. Mann (KCL) I.CMP&QFT 2023 22/23



Conclusion & Outlook

@ We can relate large-spin, multi-twist CFT data to low-spin CFT data
by solving the crossing equation near lightcone singularities.

@ All tools to solve it contained in behavior of blocks’ integrable system
near lightcone limits.

@ Applications to OPE coefficients of two double-twist operators
[KSS15] and triple-twist operators (Ongoing) in five- and six-point
functions.

Open questions:

@ Normalization of blocks near lightcone singularities: Interpolation
between OPE BCs and singularity similar to integrable scattering
problem.

@ Systematic classification of conformal blocks' singularities at higher
points and their rational degenerations for higher point crossing
equations.

@ Integrable subsystems in asymptotic plane wave limits ) ~ thhyp
related to GKZ hypergeometric systems.
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