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® Their scaling limits are described by compact field theories (free compact
fermions/bosons and massiv Thirring model)

® Non-compact QFTs appear in modern interesting problems such as

1. High Energy Theory (AdS/CFT, Strings [Schomerus ’05] )
2. Condensed Matter Physics (IQHE [Zirnbauer ’99])

® Non-compact lattice models are significant harder to study [Faddeev,Korchemsky ’95;
Bytsko, Teschner ’07]
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® Staggered six-vertex model exhibits a continuous spectrum of scaling dimensions
(hallmark of non-compact theories)

[Jacobsen, Saleur ’05] (see also [Essler, Frahm, Saleur ’05])

2 I
Ho S5, %\u:o log (7PP°(u + (—1)kI))
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Hamitonian

= sin( [ZQsm 070f — ( O'J+2+O' J+2+O'JO'J+2>

—2isin(v) ( 0fofi1 +0; UJ+1> (01— f+2)]
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Hamitonian

2L

4 .9

H= 02 [ E 2sin(v)oiofg — (Ufo‘f+2 + UJ)-/UJ}-’Jr2 + afaszrz)
j=1

—2isin(7) (Uj(U_;Y+1 + (rj./(fJ-XH) (07, — Uf+2)]

These terms break self-adjointness
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Scaling limit of the staggered six-vertex model

[Ikhlef, Jacobsen, Saleur ’11]: Scaling limit relate to the 2D Euclidean black hole
sigma model [Witten ’91]

0, Ud" U*

Lesn = “ope

[Bazhanov, Kotousov, Koval, Lukyanov
Lorentzian black hole sigma model

R 2%

Lign = S—gv-

!
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Motivation

® Generalisations of the underlying spin chain have been studied

g=¢e", ~e(0,n)
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Motivation

® Generalisations of the underlying spin chain have been studied

® AO Line [Jacobsen, Saleur ’05;
Ikhlef, Jacobsen, Saleur ’06°11;
Frahm, Martins ’12; Candu, Ikhlef ’13;
Bazhanov, Kotousov, Koval, Lukyanov ’19°20°’21]

® Whole BH region [Frahm, Seel ’14]
® OB line [Tkhlef, Jacobsen, Saleur ’09]

® Whole GAGM region (1 compact boson + 2 Majorana
¥ fermions)+ conj. general inhom. 6-vertex [Kotousov,

S T
Homogeneous 6v model Lukyanov ’21]

Free Boson
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Open Boundary Conditions

Direction of further study: Varying the boundary conditions.

1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2

/h\ /h\ /A\ /A\ /A\ /A\ /A\ /h\
u u u u u u u u
_im | im  _im im  im  _in iz | _i«x
4 4 4 4 4 4 4 4

Presence of continuum highly boundary condition dependent:
[Robertson, Jacobsen, Saleur ’20,’21] (see also [Nepomechie, Retore ’21])

6/28



Subject of study

Zo-staggered six-vertex model with Ugy(s[(2)) symmetry

1 1 1 1
2 2 2 2
/A\ /A\ /h\ /A\ /” A A A
u u u u u u u u
_ia | ia _ia i« i o ia i
2 2 2 2 2 2 2 2
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Hamiltonian

2L-1 2L-1
in(a+ (=1)y)  sin(a— W)]

. &jj+16j—1,j &i—1.j€j+1
H:—sm(a)[i smN e J“ 22 € j+1 s

1 .
&j+1 =7 [aj‘aj‘ﬂ +0ajo}, ) +cos(y)ofof,y — cos(v) + isin(y)(of — af+1)]

Has U,(s((2)) symmetry!
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su(2)

® Generators of su(2) obey
[57,5*] =£5F  [ST,57] =257

e.g.

2L
SZZZU,-Z, SjE:Z:U,-jE
i=1
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Uq(51(2))

® Generators of Uq(sl(2)) obey

+ + e —4q i
[ngsq] isq ) [Sq 75q] = [257] q [X] ﬁ’ q=e"
e.g.
2L
_ Z O_Iz Z e 1)n+1 i (%gf+_.,+%gi71)arzﬁ:e—i’y(%(fﬁ+1+...+%U§L)
and

[H.53] = [H,5:] =0

® Simplifies analysis: Can only focus on S7 = 0 sector for the whole spectrum!
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Main results

Zo-staggered six-vertex model with Ugy(s[(2)) symmetry

i1 1 1 1 1 1. 1
2 2 2 2 2 2 2 2
/A\ /h\ /”\ /A\ /”\ /A\ /”\ /"\
u u u u u u u u
_ia | ia _ia ia ia _ia ia |_ia
2 2 2 2 2 2 2 2

® Demonstrate that v < a < ™ — « has no effect on the presence of a continuum for the
open case (see [Frahm, Seel ’14] for the periodic case).
® Explain the drastic influence of boundary conditions on the spectrum
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General Strategy

® For a critical open spin chain one expects [Cardy ’86]

™V C
ExLeoo+foo+TF(—ﬂ+hn+d)

® Extract scaling dimensions by large L asymptotic of energies

® Integrability enables study of larger L in comparison to non-integrable systems
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Methodology

1. Obtain by direct diagonalization of H the first few low energy eigenstates for small lattice
sites.

2. Solve the Bethe-Ansatz equation and identify the corresponding Bethe-Root configuration

3. Use the Bethe Ansatz to construct RG-trajectory to 2L > 1 by fixing the root pattern
(without explicit construction/diagonalization of H).
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® Model can be solved by Bethe-Ansatz [Kulish, Sklyanin ’91]
® Bethe-State is height-weight states in Ug(sl(2)) representation
® Highest weight S=L—- M

M

M 4 sin(y)(cos(a) cosh(2v;) — cos(7))
E= Z eo(v;) 21 cosh(2v;) — cos(a — fy))(coshé2vj) —cos(a + 7))

where

<cosh(2vm + i) — cos(a )2 lA—/’[ sinh(vim — vk + i) sinh(vim + v + i)

cosh(2vy, — iv) — cos(a) 1t sinh(vim — vk — i) sinh(vm + vk — i)’
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Groundstate

L=11, S=1, y=n/3, a=4r/9

T J-rerenrmsnrmsensmsensnasnsnass e
1.2
0.8+
0.4r
HXARANX %2 x 0.4 0.6 0.8 1.0
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Groundstate

L=62,S=1, y=n/3, a=4r/9

e e Moovsenessrnessnnsssns e 3rrevasenees

0.8¢
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0.4 0.6 0.8 1.0
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Root Density approach for the ground state

® Roots x;, yj + T become dense
® Describe roots by two densities p*¥(x) = ™Y (x) + § 7 (x)

; 2sin(7r7ro‘21)) 1
)= 21y ) _ cos(T@1)
7 cosh(7Z5) cos(T= )
2sin(Te-2)

T =2y cosh(=15- 2” )—I—cos(ia 7))

T—2y
3
TX,Y(X) = i /OO dweiwx Smh( 74
At J_o sinh(%?) cosh(

2
747r )
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Number of Bethe Roots:

2M2s +1 T—a—-vy 1(3 =« 1
6 o~ T o=
L T — 2y +L( fy>+ ( )’

2Mgs+1:2'a—'y 1
L T—2v L

1
S=L-M=SS=|--4+"|,
2 2y

where the brackets indicate the rounding. Inverting this relation we obtain a range of
anisotropies ~ for which the ground state is realized in the sector with spin S¢°:

i v
2565 12 =7 < 5565
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Excitations: one class of states
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Low energy spectrum

® Expanding energy around the ground state energy in the limit L — oo gives

1 2 1(dN — dNgs)?
heff: _7_{_1 25+1_f +,ﬂ ,
T ~y 4 Zl%

where

o0

-1
AN = M° — Mz, Zp= lim (1 - / dx ™ (Ko(x) — Kl(x))> :
w—r

—0o0

® Penultimate term vanishes formally since Zp = oo (singular!)
=
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Numeric results

a=n/2, S=1, y=271/80
30
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Numeric Results

a=4n/9, S,=1, y=n/3

o AN=1/3
x AN=1
10+ |2 AN=-5/3 &
o AN=7/3

o AN=3

« 24 pEgrmH

- Extrapol.

24 hoge
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Scaling limit

Logarithmic corrections for fixed dN = 0,1,2,3.....

2 log(L)

~
—~
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Scaling limit

Logarithmic corrections for fixed dN = 0,1,2,3.....

2 log(L)

~
—~

Define scaling limit by introducing L-dependent disbalance (dN — dNgs)(L):

S =slim s s« €R
L—o0

L—oco VFT

where
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Further results

e Definition of an operator on the lattice measuring s (Quasi momentum operator)

[Frahm, Seel ’14, Ikhlef Jacobsen, Saleur’12] :

T — cosh(2v;) — cos(a + 7)]

°= 47r7 (K K hermo) s K = Z2| Losh 2v;) — cos(av — 7)

® Comparison with primaries of the Black Hole CFT [Maldecena, Ooguri ’00; Hanany,
Prezas, Troost ’02; Ribault, Schomerus ’04]

® |dentification of discrete states

!
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Influence of different boundary conditions

How can such rich structure disappear by choosing different boundary conditions?
[Robertson, Jacobsen, Saleur ’21 vs ’20]

1 2L-1 2L-1
=—— 5 € j+1€-1, 1+ €16/ j+1
cos(7) J1E =1y T -1+

1

_9 § : o B

< . efd+1 COS(”/) (6172 + € 1,2/.) 9
J:2 J:]-

Change of boundary condition <= change of staggering in the six-vertex model

Nl
Ml

1 1 1 1
2 2 2 2
u_||u u u u u u ||u
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 > 2 > > 2 2 2 3 > 2 > > > 2 2
ul ||u u u u u ul |lu & & & & & & & u u u u u u u ||lu
i |_ix in  _ir ix  _ix ix |_ix 0 i 0 ix 0 iz 0 @i
4 4 4 4+ 4 4 4 2 2 2 2
: _ v
® Study flow with 615 = &
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Summary of main points and directions of further study

® Uy(sl(2))-Symmetry is spontaneously broken!

® A continuum is present for the alternating case (generalisation to v < oo < 7 — %)

Disappearance of continuum can be interpreted as bulk phenomena

® Systematic study via advanced techniques like ODE/IQFT correspondence as in
[Bazhanov, Kotousov, Koval, Lukyanov ’21]

Considering higher rank models
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Thank you!
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Back-Up Slides
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The Ingredients

Standard XXZ-R-matrix:

sinh (u + iv) 0 0 0

_ 0 sinh (u) sinh (i) 0

Ru) = 0 sinh (iv)  sinh (u) 0
0 0 0 sinh (u + i)

And the following boundary matrices :
. y_ (e 0 Loy (et 0
k=5 ). k=" %)

Ro3(v)Ri3(u)Riz2(u — v) =Rya(u — v)Riz(u) Ras(v)
Ri2(u — v)K] (u)Riz(u+ v)K; (v) =K5 (v)Ri2(u + v)K] (u)Riz(u — v) E
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Open boundary conditions for symmetric R-matrices

YBE: R23(V)R13(U)R12(u — V) = R12(u — V)R13(U)R23(V)

PBC: 77BC(u) = tro (Ror(u) - - - Ror (1)) 225 [7FBC(u), 7PBC(v)] = 0
0

K+(u)R0L(u)-~R01(u)}?_(u)R01(u)~-ROL(U)>
Reflectionalgebras or BYBE:

° R12(U—V);(7(U)R12(u+ V)}z( (v) = K (v )R12(u+v)i1< (u )R12(U—V)

® Rpp(—u+ V)KlJtr(U)Rlz( u—v-— 2'7)K2fr( ) = Kt( JRi2(—u—v— 2’7)Kt( JRi2(—u+v)
BYBE+YBE [rOBC(y), rOBC(y)] = 0

OBC: 798¢(u) = trg <

Hamiltonian limit is given by H = A £79BC(y )| ,_o+B

u=0
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The Alternating Staggered Model

Possibility to include arbitrary inhomogeneities:

° TOBC(u) = trg <}?+(U)R0L(u +01) - Roa(u + 51)K0_(U)R01(u —01) -+ Ror(u — 5/_))
We will focus on the staggering :l:%a in horizontal

o 798C(u) = trg (’?+(U)R02L(U + %) Rou(u — %)KO—(U)RM(U +5) - Roau(u — '?))

as well as in the vertical direction via
o T(u) =705 (u+ 12)rOC(u— i2)
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The Staggered Model

[1e3
u+ 3
ia
u—sy5

u+ia u u-+ia u u+ia u
u u+ia u u+ia u u+ica
u u—ia u u—ia u u—ia
u—ia u u—ia u u—ia u

2L 2L -1 2L -2 2L -3

u+%

i

2

33/28



The Staggered Model

Evaluated at zero this gives:

<J jk jL <_ N

r i Jr i _J ia

B L —lx jL —lx (_ﬁ —lx B

2 —iaJ —iaJ L —ia 2
[ N

N
—

2L 2L-1 2L-2 2L-3
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The Staggered Model

Evaluated at zero this gives:
)L i [ ia
) ) )

T ia
_ia e _ia
2 2
O o J _ia J —ia
2L -

[E

8 o

2L -1 2L -2 2L -3 2 1
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Hamiltonian H = Add—uT

2L-1
H 2sin’(v) Z cos(y)of 071 + 2cos(a) (o) 0/1, + 0] 0}1)
=
22
+ cos(y) sin®(c) Z 0i0f0 4+ 2(0] 0, + 0] 0})
=1
2L_2 . . . .
—sin(a)sin(27) Y _ (-1 ' of o107, + (~1Y 0f 00050 + (<1Y o 0710510 + (<1) 0] 0f107 0
=1
2L-2 _ _
—sin(y)sin(20) 3 (—1)* 07 oo + (—1) o ofroris
=1

— cos(y) sin’(a) (0505 + 05, _1031)
— (isin(c) cos(2y) — isin(a)e”™) (o1 o5 + 04 _105;)
— (i sin() cos(27) — isin(a)e ) (o1 05 + 04 _1051)

— 2sin(a — ) sin(a + v) sinh(iv) (07 — o31)
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Hamiltonian H = Add—uT

2L-1
H =2sin’(v) Z cos(y)ofof1 + 2cos(a) (o) 0/14 + 0] 0}1)

2L—-2

— cos(7y) sin() Z 0i0fi2 4+ 2(0] 0, + 0] 0})
=1
2L—2

—sin(a) sin(27) Z( 1)j+1‘71 0110552 + (= 1y 07010 2t (_1)j+1‘7/'+‘7111‘7f+2 + (_1)j‘7j_0j++1‘7f+2
j=1
2L—2

— sin(7) sin(2a) Z (—1)j+1cfj_crf+1aj12 + (—1)j0faf+10112
=1

— cos(y) sin*(@)(0i03 + 031 103,)
— (isin(a) cos(27) — isin(a)e”™) (o1 o5 + 04 _105;)

+ (isin(a) cos(27y) — isin(a)e ) (o1 053 + 04 _1041)

— 2sin(a — ) sin(a + ) sinh(iv) (o] — o3;)
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Hamiltonian H = Add—uT

2L-1
H =2sin’(v) Z cos(y)ofof1 + 2cos(a) (o) 0/14 + 0] 0}1)

2L—-2

— cos(7y) sin() Z 0i0fi2 4+ 2(0] 0, + 0] 0})
=1
2L—2

—sin(a) sin(27) Z( 1)j+1‘71 0110552 + (= 1y 07010 2t (_1)j+1‘7/'+‘7111‘7f+2 + (_1)j‘7j_0j++1‘7f+2
j=1
2L—2

— sin(7) sin(2a) Z (—1)j+1cfj_crf+1aj12 + (—1)j0faf+10112
=1

— cos(y) sin*(@)(0i03 + 031 103,)
— (isin(a) cos(27) — isin(a)e”™) (o1 o5 + 04 _105;)

+ (isin(a) cos(27y) — isin(a)e ) (o1 053 + 04 _1041)

— 2sin(a — ) sin(a + ) sinh(iv) (o7 — o31) 1290 HYES  ferromagnetic!
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BAE and Energies

® Solve the system via algebraic Bethe-Ansatz with BAE

, . . oL
sinh (vip — & + ) sinh (v + £ + ) B IM[ sinh(Vm — vk + i) sinh(vim + vk + i)
sinh (vm + 2 — %)sinh (vm — & — ‘7) o Pl sinh(Vin — vk — i) sinh(vin + vk — i)’

and single transfermatrix eigenvalues:

sinh(2u + 2i7) ( . i L i . >2L M sinh(u — Vi — 2y sinh(u + v — 2
ANu) x—————| sinh(u+ — 4+ iy)sinh(u — — +i
() sinh(2u + i) ( 2 7)sinh( 2 ”) H sinh(u — Vi + ) sinh(u + vin + %)

m=1

sinh(2u) . oy . o
+ Snh(2u £ 1) <smh(u + 7)5|nh(u — ?))

and energies

H sinh(u — v + %)sinh(u + Vm + 3'7"’)
sinh(u — Vi + ) sinh(u + vim + )

(1)

(2v;) — cos(a — v))(cosh(2v;) — cos(a + 7))

u 4 sin(~)(cos(c) cosh(2v;) — cos
E:ZI:E(V’ Z(cosh 5 (7)(cos(e) cosh(2v;) ()

® Note BAE invariant under v, — —vp and energies under a« — ™ — «
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Quasi Momentum

M
B cosh(2v;) — cos(a + )
k= 22 log [cosh(2v,-) — cos(a — ) +C

ko(vi)

2L 2L—-1 2L-2 2L-3 2L-4
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Densities and Integration Boundaries

® One class of Bethe-Roots describing the low energy physics in the parameter range v < o < 7w — 7y
are:

X, y; € R
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Densities and Integration Boundaries

® One class of Bethe-Roots describing the low energy physics in the parameter range v < o < 7w — 7y
are:

X,y € R
® | ogarithmic Bethe Equations and Euler-Maclaurin yields the integral equations:

P(x) = 030) + [0 + 5z + / dx'Ko (x — x') p / dx' Ky (x — x') p* ()

PO) = A0+ R0+ gzt + [ =) )+ [ aKe (- X))

where
Ko(x) = 5-6/(,7). Ki(x) = —5-4/(x,7)
¢(x,y) = 2arctan (tanh(x) cot(y)), ¥(x,y) = 2arctan (tanh(x)tan(y))

tiif e
‘o
100
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Results for the densities

® For the bulk contribution we recover the results for the PBC:

i = ) 1

=2y cosh(ﬂzfﬁ’v) - cos(’rfﬁig))
o’(y) = 2sin(5557") 1

T =27  cosh(:ZY ~) + cos( ”fra_g))’

® For the self dual case o = 5 both densities are equal
® Densities are vanishing for « =y and a =7 — 7.
® The surface contribution is the same for both roots:

sinh (3 7rcu)
47T/ dwef smh 223 cosh( 2" w)
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Number of Bethe Roots:

2M2s +1 T—a—-vy 1(3 =« 1
6 o~ T o=
L T — 2y +L( fy>+ ( )’

2Mgs+1:2'a—'y 1
L T—2v L

1 T
565: - i
- [ 2+2v]’

where the brackets indicate the rounding. Inverting this relation we obtain a range of
anisotropies « for which the ground state is realized in the sector with spin S¢°:

i v
2565 12 =7 < 5565
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Thermodynamics Quantities and CFT

Using the densities we obtain:

P sinh(%) (sinh (52 — %) cosh(4F — aw) — sinh(%?))
€0 = 2/00 dw sinh(4F )5|nh((7r227)W)

)

2T 1
VF:7T—2’y foo:"' koo:"' ks:"‘ ’Cthermo:LkOO+k5+O(z)
Relation to CFT:
7EL_Loo_foo:_7 hn, 2
7rVF( (L) - Le )=—pg thn+d (2)
hefr
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Taking Small Excitations into Account

® Expand energy around the ground state energy in the limit L — oo gives

1 2 1(dN — dNgs)?
T 4 Z%

where

w—0

dN = M° — M2, Zp = lim (1 - /OO dx e* (Ko (x) — Kl(x))> - .

— 00

® Penultimate term vanishes formally since Zp = 0o. Numerics shows that the decrease is

1
actually o Tog(D)
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Numeric Results

a=n/2, S=1, y=23r/80
30

o dN=0
25— X dN=1
A AN=2
] dN=3
o dN =4 Q
,;5 0 dN=5 @@E’
3 L Formula & P
N 10|y 24112 o 00

.. Extrapol. e
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Numeric Results

a=n/2, S=1, y=271/80
30

0o dN=0 EEE‘
250y dN=1 ;,,,.59

A dN=2 g
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Numeric Results

a=4n/9, S=1, y=n/3

15

o AN=1/6

« AN=—5/3
10-|a AN=7/12 8T
o AN=1 e

. o AN=3 ”
N

% 24h£ﬁgrmula

.. Extrapol. MMA }
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Logarithmic Bethe Equations

In logarithmic form we obtain for the BAE:

2ty = 26 (3n 15 ) - 210 (xrm “”) — 6(2,7) — B 1) e 7)

2
MO
+ > 6 (xm— %7 Z Y (Xm — Yk, Y
k=—Mo k=—M
2nty =2t (ym 15 ) + 210 (ym, ;”) — 6(2Ym) — 6yme )+ Ulym.)

MO
- Z w(}/m_xka Z d) ykv’y)v
k=—M?° —

k=

where

&(x, y) = 2arctan (tanh(x) cot(y))
¥(x,y) = 2arctan (tanh(x) tan(y))

and the redefined Bethe-integers are integers. 19 /28




|dentification with the Black Hole CFT Discrete Part

The BH CFT has also a discrete part given by

1 (k—1) ,  [kw]| —|n| B
§<J<T, J—# g, 16—07172.... (3)

These states can also be found in the spin chain where the quasi momentum becomes purely
imaginary.
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Transmutation of Continuous State to Discrete States

*+— S=1dN=0
A—A 5=1 dN=1
= 5=1 dN=2
e—e 5=1 dN=3
075~ v—v S=1 dN=4
— dis. CFT n=-3 w=1 J=(k-3)/2
3 — dis. CFT n=-3 w=1 J=(k-5)/2
@
0.5
kS
=
025}
N
¥
v
A
A
0F %
X -
\ S
\ o
\ \\
\ ~
\ \\
025~ | : N AN =
/10 /8 /6 /4 /2
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Defining a Quantum number

® |dea: Parameterise logarithmic correction by the quasi momentum operator as done in the
(quasi)-periodic case ;

L L1
K= (H Czi1,2i(—04)> e/t (H C2i,2;+1(—a)> el@/203;
i—1

i=1

cijla) = é(sin(a — ) +sin(y)) + é(sin(a —7) —sin(y))ofof — ésin(a)(ai*a? +o0;07)

® Using the variable we obtain

1 0% \? ys
het=——F%+-——(25+1—-—
eff 12+47r( + 7) +7T—2’y+nph
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Comparision with the Black Hole CFT Continuous Part

The BH CFT has a continuous part of spectrum which has following central charge and

scaling dimensions :
(n+wk)?  J(J-1)

,  hey = -

(k—12) 4k k—2

1
cgH =2+ with J:§—|—I'§,

12 4k k—2 2

Compared these with the one of the spin chain:

1 0% \? vs?
het = ——+-—[25+1— —
eff 12+47r< + ’y) +7T—27

1 k)2 1 1\2
por = L (T Wk <J—> 1 d,

1N
, n=-25-1, w =1, J—§ = (is)7,

SER],

(4)

(5)
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Background The Black Hole CFT:

® The Lagrangian is given by

k ij -1 -1 -
L(g) = 8W/):\/EhJTr (g 0igg 8jg) + ikl

Wess-Zumino-Term
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Background The Black Hole CFT:

® The Lagrangian is given by

k ij -1 -1 -
L(g) = 8W/):\/EhJTr (g 0igg 8jg) + ikl

Wess-Zumino-Term

e Invariant under SL(2) x SL(2) via g — agb~! with a, b € SL(2)
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Background The Black Hole CFT:

® The Lagrangian is given by
k ij -1 -1 -
L(g):8—7r /X VhhiTr (g7 10igg 1 0;8) + ikl

Wess-Zumino-Term
e Invariant under SL(2) x SL(2) via g — agb~! with a, b € SL(2)
® Gauging U(1)-subgroup generated by
0 1
-1 0

leads to after going to complex coordinates and fixing the gauge by setting

e (5] 2

to

I(r,0) = /8r8 + tanh?(r)0,60;6
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ds? = dr? + tanh?(r)d#?
4
_ dudv . R

1—uv :1—uv

uv=1
3
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Scaling Dimensions:

The scaling Dimensions for the PBC and the Black-Hole CFT are given by

h:(m—kw)2+s2+%
4k k—2
po (mke)? S 4g
4k k—2
k =

us
Y
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_ wsinh(%) (sinh (52 — %) cosh(4F — aw) — sinh(%?))
sinh(4* )S|nh((7r_ Jw) ’
_ Jw)cosh (%) 4sin(27)
cosh (}(m — 27)w ) ) cos(2ar) — cos(2)

sinh(%5') sinh(%? — aw) sinh("57w)
wsmh( ) sinh(™ 27 0)
sinh( 37 T w) cosh(%2) sinh(T72%w)

wsmh(‘"”)cosh(27 )

g (1) (el )41y

2/Ood

/ cosh (%(m — 2a)w) sinh (3(3 722
/

=2 f
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Rij(u)Rji(—u) = ¢(u)l, (6)

Ry (1) = Rii(u), (7)

Rij(u) = ViRZ(—u =)V (8)

R (u)MiRY (—u — 2q)M™ = £(u+n) 1, (9)
MR j(u)M; = MiR; j(u)M;t . (10)

Rij(u+p) =GR j(u)G ', (11)
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Composite R matrix

R; jike(u, A, Dwe) = Rip(u + Dj)Rik(u+ Ajj — Awe) Rjo(u) Ry w(u — De) (12)

R; ket — vy Ay Do) R; jim n(t, Djjy Amn) Ry pim,n(V, Do, Amn) = (13)
Ry o1m,n (Vs Bty Bmn)R; jim,n(Us Ay Dmn)Rj jie(u — v, Ajj, Agg)
(14)
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U—I—A,‘j

u+06;i —30k | u+di—0de Ay u+Aj

dj

u—u—20j+9
—_—

u-+0;—0k | u+d;—de u— Ay u

oj

Ok Y, Ok de




Factorisation of Reflection Matrices

Alternating case:

K,-_J(u, 250) = P,"J'KJ-_(U + 50)Ri,j(2U)K,'_(U - 50) , (15)

1
+ _ Kt R. . —1y+
K,-J(u, 20p) = c2utn) P,JKJ. (u—60)M;R; j(—2u — 277)I\/II. K; (u+do). (16)

Quasi periodic case:

K 2) = 6 o 2) R (o )15 R ()

>+ P 1 p P 1
K( 7_*) —R,( )K+ M,R,(—2 - = =2 )M K+(
W\"T2) T eur By P\2) T ()MiRij ( —2u =5 = 20) Mi K7 (w5
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Reflection equations

R jik,e(u = v, 0,0)K; (0, )Ry g1 j(u + v, 0, 0)K, (v, 0) (19)
=K o (v, O)R; jixe(u + v, 0,0)K. (0, )Ry g j(u — v, 6,0)

titj tite
Ri’ﬂk’g(—u + v, —9 —9) (K,JD(U, 9)) ’ MiJle7£|ivj(_u — V- 277) _95 _O)MIJ (KZZ(\@ 9)) =

tite

tit;
(Kz_,f(v7 9)) M R iJjlk, f( u—v-— 2777 _07 _Q)Ml_dl (K,—Z(U, 9)) ’ Rk,é\i,j(_u + v, _07 _9) .
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QI Trivial as

e

e

ors

P
2
p P
2 2
2L 2L -1 2L -2 2L -3
(T
2 2
0
_p -2
2 2
2L 2L -1 2L -2 2L -3

NI
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Non Local H Energies

25sin(20) B 2sin(9) n 2sin(v)
sin(2y)sin(2(y +v))  cos(y)cos(y + 1)  cos(2y)cos(2y + V)

+2tan(’y)> " (1/\—/’[ cos(2(y — ¥)) + cosh(4vm) 1>

cos(27) -2 cos(2(y + 1)) + cosh(4vim)

E= (—4L cot(2vy) + L

M M
, cos(2y) + cos(¥) cosh(4vy) cos(2(y — v)) + cosh(4vm)
— 4sin(27) Z { (cos(2(y + 1)) + cosh(4vy))>? } . ngl cos(2(y + 9)) + cosh(4vm) -
m##k
(21)

171 | Leibniz
16,2 Universitat
100'4 | Hannover
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Spectral Flow

L=4, S,=2, y=0.9
0.5

i

-0.5

|
NN
o
2
25
|
IS
[\
o
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Alternative Quasi Momentum

d=—n/2, S,=7, y=0.9

o dNPP=2
X dNIP=4
10~ |a dNT=6
S R
S
I
5_
| | | |
(é 3 4 5 6
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d=-n/2, S,=7, y=0.9

o
~
[&)]

(hi —hg)/(ANTP)?
3 o

o dNP=2
L |x dN9P=4
A ANP=6
B )
B
s [
B
| B
B
! ! !
2 3 4 5
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