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Physical properties of many-body systems

To characterize the properties of a quantum mechanical system we need to solve
the spectral problem for the commuting integrals of motion (Hamiltonian,
momentum, ...): all (or at least low energy) eigenvalues and eigenstates

~ for integrable models: spectrum of the transfer matrix

For a many-body system this leaves us with the formidable task to obtain
information on measurable observables — in many cases few-point correlation
functions, one- or two-particle reduced density matrices (RDM),. ..

Alternatively, a quantum system can be characterized in terms of all correlation
functions of local operators or generating functionals thereof

(O1...0,), n = 1..system size.

Given that we are often interested in such correlation functions for small n this set
appears to contain much more information than what is needed.

For many-body systems with two-particle interaction: is it possible to use
(all) few-particle RDMs as a basis for the calculation of physical quantities?
Under which conditions?

(Coulson’s challenge to density functional methods)
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Correlation functions in integrable models

Results for correlation functions in certain integrable systems (in particular the
six-vertex models and relatives) have been obtained based on

m representation theory of quantum algebras pimbo,MikiMiwa Nakashiki (1992)]
m functional equations of g-Knizhnik-Zamolodchikov (qKZ) type uimbomiwa (1096)
u algebraic Bethe ansatz, multiple integrals [Kitanine, Maillet, Terras (2000);. .. ;Gohmann,Kliimper,Seel (2004)]

The numerical evaluation of these expressions continued to be a challenge which
was met by their factorization

m of multiple integral representations of density matrices on short segments into
S|ng|e ONES [Boos,Gshmann,Kliimper,Suzuki (2006)],

m of N-point correlation functions into terms containing nearest neighbour
two-point ones (" physical part”) and structure functions (" algebraic part”,
independent of the model parameters) (goosMiwa jimbo Smimov. Takeyama (2006)]

These properties have been proven for the XXZ model using the fermionic basis
approach. (Discrete) functional equations of reduced qKZ type can be derived
from local properties of the Boltzmann weights and are solved by the factorized

ansatz. [BoosMiwa,Jimbo,Smirnov, Takeyama; Wuppertal group ... ]
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Correlation functions in integrable models

Reduced density matrices of the Heisenberg spin chain for N adjacent sites can be
written in terms of a nearest neighbour two-point function w (" phyiscal part”)
and a set of recursively defined 'structure functions’ fy.; ; of the spectral
parameters A\ ("algebraic part”) [eoos et a. (2000)1:

N/2] m
Dnv(A1,-. s An) = Y TTwi X)) | s 2w)
1,J

m=0 p=1

where | = (i, ...,in) and J = (j1,...,jm) such that INJ =2, 1 < i, <j, <N
and ip < -0 <.

e.g.
Da(A1, X2) = B,5,2(A1, A2) + w(A1, A2) B g1y 23 (A1, A2)
D3(A1, A2, A3) = 5,2,2(A1, A2, A3) + w(A1, A2) B3 (1}, {23 (A1, A2, A3)
+w(X2, A3) f3, 123,133 (M1, A2, A3) + w(A1, A3) B3 (1), 133 (A1, A2, As)

Q: Is this " factorization” a generic property of (Yang-Baxter) integrable models?
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Correlation functions in integrable models

Here: "interaction around the face” models

Partial results:
m Local height probabilities (LHPs) have been computed using Baxter's corner
transfer matrixX [andrews Baster,Forrester (1984)]
m Correlation functions of vertex operators related to quantum group
symmetries satisfy qKZ equations [roda,simbo,Miwa Miki,Nakayashiki (1994)]
m Multiple integral representations for multi-point LHPs by bosonization of the
vertex operator algebra (massive case) (tukyenov.Pugai (1006)

m models with 'dynamical’ R-matrix allow transfer of some concepts from
vertex models (algebraic BA, SOV) (reder.varchenko (1996); Levy-Benchetona.Terras (2013/14);

Levy-Bencheton, Terras, Niccoli (2016)]

Some obstacles:
m proper description of local operators ("inverse problem™)?

m Hilbert space is not a tenser product of local spaces, in general no algebraic
Bethe Ansatz, no Slavnov determinant for scalar products, ...
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Face models

Local Boltzmann weights depend on the spins a, b, ¢, d on the vertices
surrounding an elementary face and a spectral parameter u:

The spins take values from some discrete set G subject to an adjacency condition
on the allowed values on neighbouring sites. We assume:

unitarity crossing
d d W(a bu):W(b d‘x—u),
c d a c
Z a ¢ = p(u)p(—u)dac, Lo .
ecs € initial condition
b b
a b
a b
w( 8o = o | =
< d
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Face models

With these local weights we define single row operators on % = span{|ap..a.)}

= ag al ar—1 a =/
B
(al T35 (u)|b) = u—u u—ug
v = bo b1 bL—l bL =90

Inhomogeneities {u; € C}._, parameterize local variations in the interactions.

Periodic boundary conditions in the horizontal direction can be imposed by
requiring a = 3, v = 6.

The trace t(u) = >_ 5 T5§(u) is the transfer matrix of an inhomogeneous face
model with periodic b.c. in the horizontal direction.
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Face models — local operators

Elementary operators (E), and Eg"l"'g"z on Ht = span{|ap..a)}
ny B

(al (E7) 1) = 8ay.0 6, [ [ 93,

Jon a=ap
) an_1 /\an+1
3 = by
n
Qpy...Cip,
(a\E;fnll,..«f,mz |b) = H Oap,on Oy, H ab;
k=ny J¢{m...n}
Qpy = any ... Qny = any
Boy = b " By = bn,

act locally on a single site n or on sequences of n, — n; + 1 of neighbouring sites.
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The "inverse problem”

Relation of local spin operators to elements of the Yang-Baxter algebra for vertex
mOde|S [Kitanine,Maillet, Terras (1999), Géhmann,Korepin (2000)] and face mOde|S a”OW|ng fOr a fOrmu|ati0n
as dynamical vertex models [Levy-Bencheton, Terras (2013/14), Levy-Bencheton,Niccoli, Terras (2016)].

For a general face model (not using the existence of a dynamical R-matrix) the
elementary operators can be expressed in terms of the single-row operators T%ﬂ
introduced above [Hr.westerfeld (2021)):

The inverse problem

The local operator (Eg) , 1< n< L, can be expressed as

L

L _
(El?)"ikl;lp(uk—u; <H Uk> Top(un) T (unpr) | J] t(ui)

k=n+2

Here T,5 = 275 T;g and 728 = 275 Ts‘f

Similarly, E5™5" o ... (Tanlﬁnl(unl)Ta”lﬁ"l (Upsn) - . Tanzﬂnz(un2+1))

Qny+1Bny+1
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The "inverse problem’

Qp

nt2

E“n~-~ﬂn+2 _ n

Bn.--Bnt2

Bn

‘))1772

UpL—1| UnL

Up41,1 | Un41,2

Unt1,L—1Un+1,L

X apq1

Un+2,1 | Un+2,2

Jn+2,L— un+2,L

'~5)r7 1

Ap42

Upt3,1 | Unt3,2

Unt3,L—1Un+3,L

'*—f/H»Q

bo 51

b2

b2 b1
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The N-site reduced density matrix
Generic correlation functions can be expressed through reduced density matrices

OtOt
(PIEg " 5,2 )

<¢|¢) fry

Here |®) € HL is any right (left) eigenvector |®) ((®|) corresponding to a
particular eigenvalue A(u) of the transfer matrix.

Let Dy, (a = (ap,..«p,) with np = np + N — 2)),

(O T T2 () | @)
DN(/\HU ) )\n2+1){g}{§} = = nkfi ’

(@[®) TT A(M)

k:m

Dy is the density matrix of a generalized problem depending on independent
spectral parameters \,. Adjusting them one obtains the N-site RDM above

Doy -y A1) (238 Eg™ 5 |o),

Ak=Uk, k=n1,...,n+1 <¢|¢>< ‘ ﬁnl ﬁnz
NB: Periodic b.c. imply a, , = B, ,: blocks [cn, atn,] of non-zero entries in Dy.
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Integrable face models

Integrability, i.e. commuting transfer matrices, is garanteed by (the face version
of) the Yang-Baxter equation (YBE)

With the Yang-Baxter operator

(aWi(v)|B) =W <ai 1 Oé:+1

the YBE can be written as

Wi(u)Wii1(u+ v)Wi(v) = Wit (v)Wi(u + v) Wi (u) .
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Integrable models: functional equations for RDMs
A. Consequences of the Yang-Baxter equation

The YBE allows to reorder the arguments of Dy(A1, ... An):
Intertwining

Wi(Aig1 — Ai) DA, - Ay A1y o An) = Dn(Ax, o Aigiy Aiy oo An) Wi(Aigr — i)

Using crossing and unitary one can show (see alSO [Morin Duchesne,Hagendorf,Cantini (2020)])
YB-reduction

<Q| WN()\) DN(Alv - U u A )‘)|@>

15 p(u — u)p(u; — u)
XOLCESS

= dayan_p08yBy_n{0--an—2|Dn_2(A1, ., An—2)|Bo--Bn-2)

for arbitrary u.
NB: the extra factor on the RHS becomes 1 for u € {u;} due to the inversion
relation for the transfer matrix eigenvalues.
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Integrable models: functional equations for RDMs

B. Discrete difference equation

For another functional equation we introduce the linear operator Ay(A1, ..., An)
on VN = span{|ag..an)}: the action of Ay on an operator B € EndV" is

o 6a B 6& B
(v, Aw)[B]) ) = P ey x
ITY1 o\ = An)p(An — A7)

ar

QN-—1

ay = Bn

(The operator P_ is related to the Boltzmann weight at the crossing parameter.)
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Integrable models: functional equations for RDMs
Acting with Ay on the N-site RDM we obtain a discrete difference equation

reduced qKZ-type difference equation

The density operator Dy()1, ..., An) is a solution of the functional equation
AN(Al, 500 /\N)[DN()\I; coog )\N—la )\N)] = D/\/()\l7 coog )\N—17 Ay + )\)

if Ay is equal to one of the inhomogeneities, i.e. \y € {u,-},-Lzl.

For the proof one considers the action of Ay on Dyy1(A1, ..., Ay, An + A).
Performing partial traces over ay = By and ayy1 = By+1, respectively, and using
the YBE, unitarity and initial condition for the Boltzmann weights the theorem is
obtained (cf. faugebaverKiimper (2012)] fOr the six-vertex model) .

NB: For the face models considered here it is straightforward to show that the
restriction on Ay can be dropped for matrix elements of the RDM where ap_1 is
a leaf node on the adjacency graph.
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Integrable models: functional equations for RDMs

C. Recurrence relations

Partial traces

Let a =(aq...an), 8= (B1...0n) with By = ay. Performing the partial trace

over ay one finds

> (@l Dn (A1, - Av—1, An)IB) = (| Dy—1(M1, -, Av-1)IB)

an

where g’ = (al 000 aN,l), ,6/ = (ﬁl 0o .ﬂ/\/,l).

Asymptotics
In the limit Ay — ioo the N-site RDM is related to the N — 1-site one by

lim [DN()\l, ey )\N)]O‘O--ﬂNﬁo...ﬁ,\,

AN—rico
= Bn-18
_ [D ()\ A )]%--.a/vfhﬁo--ﬂ/vq [Dl]aN s
= N—1\A1ly .-y AN—-1 Z [Dl]am_lﬂ,ﬁm—la :
@
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Restricted solid-on-solid (RSOS) models

For the RSOS models the spins take values from & = {1,...,r — 1} subject to the
condition that spins on neighbouring vertices differ by 1.

The weights of the critical model

b c
w(j b ) = Gag /B o+ 0) — G plu)
8a8d

satisfy the YBE where
sin(u — ) sin(A x)

plu) = sin(A) &= sin(\)
with the crossing parameter A = 7/r.

The crossing symmetry acquires additional (gauge) factors

W(" b u):M%W(b d )\fu)
c d 8a8d a ¢

(which also enter in the operator P_ in the definition of Ay.)
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Restricted solid-on-solid (RSOS) models

The spectrum of the RSOS models can be decomposed into topological sectors
labelled by j € {0,1/2,...,(r — 2)/2} with quantum dimension

. sin((2j + 1)A)
doj) = ——=—~+"
sin A
determined by the asymptotics of the transfer matrix eigenvalues [iimper pearce (1992)].

Hamiltonian limit: expanding the homogeneous transfer matrix (uyx = 0) around
the shift point u = 0 to first order one obtains the Temperley-Lieb Hamiltonian of
the one-dimensional quantum RSOS model (gazhanov.Reshetikhin (1989)]

A) H(sakbk.

The ground states of £% are in the sectors with quantum dimension dy(j) = 1,
i.e. j=0and, for r even, j = (r — 2)/2.

L
_ >\ _ aJ 1 a
T Arsin A Zlej’ {alejlb) = W( i ajt
J:

NB: face models have attracted considerable interest recently as they can be used
to describe the collective behaviour of non-Abelian anyons in topological quantum
liquids (e.g. quantum Hall edge states). freiguin et ot (2007); ..}
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The single site density matrix

Heisenberg model:

Di(M)=fize(M)=-1.

N =

RSOS models:

Only the diagonal matrix elements of D;();) are non-zero (the D;-blocks

[a,a + 1] allowed by the adjacency rules are one-dimensional). They can be shown
to be independent of the spectral parameter A;.

Moreover, for states in the topological sectors with dg(j) = 1 they are found to be
independent of the inhomogeneities v, and the state chosen.

Local height probabilities of the critical model andrewsBaxter Forrester (1982)]:
P(a) = (2/r)sin*(a\)

> the elements of D; are given as (1 < a<r—2)

sin(aA)sin((a + 1)) .

(a,a+ 1|Dy(M)]a,a+ 1) = T eos X
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The two-site density matrix

Heisenberg model:

Dy(A1, A2) = fo.z,5( A1, A2) + w(A1, A2) B g1, 121 (A1, A2)

RSOS models in the topological sectors with dg(j) = 1:

Do(A1, X2) = Ay + Bo (A1, Xo) . J

m The non-zero elements of the diagonal matrix A, are obtained from the
asymptotic behaviour of D, for Ay — ioco:

sin al sin cA

bc|As|ab’c) = dppy ————
(abelAfab’c) = v 2rcosz X’

la—bl=|b—c|=1.

m Intertwining relation and partial traces reduces the number of free parameters
in By. Fixing the normalization of (A1, A2) they follow from the rqKZ
equation, e.g. in the block [aa] = span{|a,aF 1,a)} (1<a<r—1):

gleal _ &a 8a—2 2cos\\/8a—18at1 g = sin a\ .
2 8183 \2COS\\/8Ba—18at1 8a+2 ST

Holger Frahm: Density matrices for RSOS models | Les Diablerets, 08.02.2023 20



The three-site reduced density matrices

The N = 3 density matrices of the RSOS models for states from the topological

sectors dq(j) = 1 can be factorized similar as those of the Heisenberg chain igoos et
(2006)]:
Three sites:

D3(A1, A2, A3) = Az + Bajia({Aj}) F(A1, A2) + Bajis({Aj}) (A1, As)
+ B3\23({)‘j}) f()‘2v /\3) )

The "algebraic part” is of the form (Aj = Ai — A))

sin a\ sind\
4rcos3\

B3 = £ + (cot A1z — cot Ap3) £2 + (1 + cot \i3 cot Ao3) £,

Bsjoz = fis + (cot A2 — cot Ay3) F2 + (1 + cot Ao cot Ag3) F4,

B33 = f113 + (cot Ap3 — cot A1p) F2 4 (1 — cot A3 cot Ajp) 4,

As constant, diagonal: (abcd|Aslabed) =

where f} = (ﬁ})T, f2=— (1‘2)T and f* = (f“)T are real matrices.
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The three-site reduced density matrices

The asymptotic relations between D3(A1, A2, A3) and D, for A\j — ioco allow to
determine the structure constants f,-j1 and 2, e.g.

D[Oé2013]

[B2]O¢0..4(X2,a0.4.042 1

DO
sin az \

1 Oto.“(xga3,(lo...ﬁ2(¥3 _
['(12} - 60&262

_ 5 B aQ...Q2,00...Q2 [
a2, [B2] 2sin ap A cos A

Relations between the elements of £ follow from the intertwining and partial
traces. The remaining ones can be determined using rqKZ equation, e.g.

r==4: f4EO,
1
r=5: (1234|f%|1234) = 7(3\6 —5)

1
r=6: (1234[f*|1234) = -7

2 —2cos(27/7)

=1 (2234 = o )
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The N > 3-site reduced density matrices

Four sites: For N > 3 products of the nearest neighbour function f appear in the
matrix elements of the generalized density matrices, e.g.

DPA (A1, 20,03, 04) =h({})

+ f2({A1) F(, A2) + fis({A1) F(A1, As)

+ fa({N ) F(A1 M) + Bs({\ ) F(A2 A 3)

+ Ha({A1) F(h2, Aa) + Fa({N}) F(As, Aa)

+ f23a({N 1) F(A1, X2) F(A3, Aa)

+ fiza({A}) F(A1, A3) F(A2, Aa)

+ fas({N}) F(A1, Aa) F( A2, As3)
The nearest neighbour function f (which is already determined in D,) contains all
the information on the specific model (in particular system size and
inhomogeneities {ux} and the state of the system. Hence one can build a system

of linear equations fixing the structure functions £ j .;, ... ({\;}) for a given set of
spectral parameters {\;}.
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The nearest-neighbour function f (u, v)

Da(M1, X2) = Az + By F(A1, Aa) - J

The two-site function f(u, v) = f(v, u) can be obtained from the explicit form of

D, in terms of the operators Tf;‘f (for small systems) or by solving the functional
equations:

02 ] L =

L=8
- L=10

f(x,0) from D, for r = 4 and 5 (ground state of the homogeneous model)
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The nearest-neighbour function f(u,v) (r = 4)

r = 4 (~ Ising): the YB reduction D3 — D;(= const.) for the homogeneous
model, ux = 0, can be solved using the exact expression for A(u)A(u+ \) with the
transfer matrix eigenvalues A(u) of the Ising model (o'Brien,pearcewarmaar (1996)]

T 1 1

sin(2(u — v))f(u, v) + cos(2(u — v))f(u, v + 4) - 2(1+ ytant(2u)) 4~

valid for all u,v € C. y = +£1 is the eigenvalue of the height reflection operator.
Using Fourier methods one obtains f(u, v) for arbitrary L.

In the thermodynamic limit L — oo one finds f(u, v) = f(u — v) and obtains two
explicit solutions which are regular in a finite interval around x = 0:

_ = 3
F(x) = .1 X for §<X< 3
msin2x | —x for—?’r <x< g

These solutions correspond to the ground states of +7 resp.
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The nearest-neighbour function f(u,v) (r > 5)

For r > 5 the function f can be determined either (a) from the from the explicit
form of D, in terms of the operators ij (for small systems) or (b) by solving the
functional equation

sin® A tan® A (1+2cos(2))) ¢ (u—v—))

flu,v+A) = fu,v
(v ) rou—v) olu—vy )
(valid at v € {ux}) where ¢,(x) = cos2x — cos 2.
0.2
0.1
finite size data for f(x,0) _
(in the ground state of the E
0.0
r =5 homogeneous model) —N L’F—N
0.1 4 ;
-T2 ‘ 0 2 ‘ n
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The nearest-neighbour function f(u, v)

In the ground state f(u, v) is an analytical function of v in the strips

S ={veC:—-X/2 SRe(v) S 3)\/2} (the physical strip in regime Il1/IV) and
So={veC:—m+3)/2 S Re(v) S —)/2}

and vanishes for A — joco. Assuming that the functional eq. holds throughout
these strips for L — oo it can be solved using Fourier methods. Based on our

results for r < 9 we find that f(u, v) depends on x = u— v only and we
conjecture for x € &1

tan A (.r—4)/2 o . S
f(X) _ (br(X) ( X+ Z_]:]. aj sin 2JX) for r > 4 even
", =

sin rx (ZJ(_;—O5)/2 aj sin(2) + 1)X> for r > 5 odd

(regular in —2X\ < x < 2Al)
The a; can be determined from the functional eq. For r =5 we obtain

sin(fu—v — A)sin(u—v)sin(u— v+ A)

frs(u,v) = (3= V) sin5(u — v)
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The nearest-neighbour function f(u, v)

Similarly, we can solve the functional equation for x € S, and x — 7 € S».

For r = 4,5 we have obtained explicit expressions for these other branches in the
thermodynamic limit:

E,i(x) = (x + E) L

2) 2rsin2x’
@5(x) (sin x £ sin 2)\)

F =
5.2(x) 4 cos? \ sinbx

Note that the solutions Fhi(x) have period 27 and are regular in the intervals
—m < x < 0and0 < x <, respectively.

In the thermodynamic limit we find
fr i (x) for —m/2 < x < —=\/2

f(x) =1 f(x) for —A/2 <x <3)\/2
F,,,(X) for 3N/2<x<m/2
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The nearest-neighbour function f(u, v

: I I
0.2 —
L i | i |
- . - o
< - : =) ; :
< ool ¥ A T ¥ b —
= ;! ) TRy : e
! wwwww%vvvv; Ty 4l wm% : -
- . rJ 4 r {V\. "./ —
. ; n ,
i3 _"F 02— 'I I.' —
Lo il
-0.5
-2 1] w2 -2 0 Tl
X x
I ; I
00— H — 002 — —
_ I v . i —_ i )
S : : S :
")::':- 000 vavwvvvvvm ‘fwwwvmwwwf 3:_.“ 0.00 TroTeTTY R Ty v TP T
- v & .
L £ i L J
-0.02 — | — -0.02 — | —
W 4] w2 =12 ] 2

X X
nearest neighbour function f,(x) for the ground state of the homogeneous model

for small systems (from explicit form of the D, in terms of Boltzmann weights)
and the different branches in the thermodynamic limit (red).
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Multi-point local height probabilities

Given these "factorized” expressions the physical correlation functions of the
(homogeneous) RSOS models are obtained in the limit A; — 0, j = 1..N. In that
limit the elements of the density matrices can be expressed in terms of the nearest
neighbour correlation function f(u, v) and its derivatives at (v, v) = (0,0).

In the simplest case, N =2

(abc|Dy(0,0)|def) = (abc|Az|def) + (abc|Bz|def) £(0,0)

In this formulation the energy the quantum RSOS model in a given state is

E A A 1 rcos\
r(D:(0.008) = 57 (m BTSN

L 47msin )

f(0. 0)> .
For the L — oo ground state this agrees with the energy density [sazhanov Reshetikhin 1989]

E A )\_i/ dx sinh x S|nh(r—3)x'

— — Z—cot
L - 2T o sinh 2x sinh rx
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Multi-point local height probabilities

four neighbouring points: probability for the sequence (1234) of heights

(1234|D5(0, 0, 0)|1234) =

sin Asin 4\ <3sin A

—34+2f* ) f,
4rcos3 A sin 3\ 3+ ),(0,0)

+ 4 0,0, fr(u, v)|

u=v=0

- % 4 83 fr(u,v)| o

In the thermodynamic limit:

r=>5: Ps(1234) = L 25-11v5 = 0.001818062...
10 11455
1
r==6: Ps(1234) = (2 - M) = 0.001601913...
™
r=7: P;(1234) = = 0.001212539...
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Summary & Outlook

m local operators in generic face models have been expressed in terms of
generalized RDMs (inverse problem)

m discrete difference equations of reduced quantum Knizhnik-Zamolodchikov
type for RDMs for Yang-Baxter integrable face models and, moreover certain
reduction relations relating RDMs of different order.

m RDMs of RSOS models have factorization properties similar to those of the
Heisenberg spin chain. In certain topological sectors the RDMs are given in
terms of a single function f(u, v) containing all information about the model
(L, inhomogeneities) and state

Future directions:
m recursive definition of algebraic part of Dy for larger N

m factorization properties of correlation functions in topological sectors with
dq # 1 (RSOS), for the elliptical case, and in face models based on higher
rank symmetries
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