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Description

The concept of information permeates both our everyday life as well as our understanding of the universe. With quantum theory :
information needs a fundamental revision. This workshop will take a fresh look at this maturing subject bringing together thinkers
information, not quantum computation - although it will of course touch it as well. Focus will also be on theory, although the expe

theory.

Location

SwissMAP Research Station, Les Diablerets, Switzerland
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Outline

* Entanglement
— Ch., Vrana and Zuiddam, JAMS 2023
— https://arxiv.org/abs/1709.07851

* Recoupling and Quantum Entropy
— Ch., Sahinoglu and Walter, AHP 2018
— https://arxiv.org/abs/1210.0463
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Entanglement



Quantum states

1_

State of a 1 — 1
classical 0 —&— 0 —@— 0 —&—

system s o o
(3 bits) or 1 1 1

0 ——  0— 0 —
Statetofa ] —— | — 1
quantum s s
system 0 0 0 @
(3 qubits) 1 —@— 1 —@— 1 —@—
eo — ( (1) ) t o — o — 0 =



Quantum state=tensor
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GHZ state = unit tensor

Greenberger-Horne-Zeilinger

T
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Local operations

1_

Local 1 —.—‘ 1
trans- 0 —@— 0 —@— 0 —@—

formation:

Flip first bit

Local : +|, L= L=
trans- 0 0 —@ 0 —@
formation:

Flip first +
qubit




stochastic

Local operations=restrictions

t>tif (a®@b®c)t="1

for some matrices a, b, c
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Linear combination of slices



3 q U b its Greenberger-Horne-Zeilinger

GHZ-state

eg X ey ey +e1 Qe Kep

(EPR)-state l m

%€0®60®61+€0®61®60+61®60®60

Einstein-Podolsky-Rosen

€0®€0®60—|—61®61®60 60®eo®€0+60®61®61
o ®eg ey +e1®ey®ep

60@60@60

unentangled state



free

\

e Restriction
e Unit
e Rank

e Subrank

e s RESOUrcCe theory of tensors

valuable resource
/
t>t'if(a@b®c)t=1

for some matrices a, b, c

7

<T>:Z€z‘®€z‘®€z‘

1=1

R(t) = min{r : (r) >t}

Q(t) =max{r:t > (r)}



Restriction

t>tif (a@bc)t=1t

for some matrices a, b, c

[ = t, if Z t, and t, Z L if concise, i.e. cannot

be embedded

. /‘/. edd |
1ff (a X b R C) t =+t in smaller dimensions
for invertible a, b, c

G =GL(d) x GL(d) x GL(d)
iff Gt =Gt «~—

Classifying orbits
) Classifying

Deciding restriction
& and their relations



GHZ state

AN Degeneration

W stat
(eg + €e1)®? — e&° /ae
26(60®60®61+60®61®€0—|—€1®60®60)—|—O(62)

t>tift. =t t >t

e—0

Classifying orbit
closures and

Deciding degeneration _ _
their relations



Deciding degeneration

* Orbit closures are G-invariant algebraic varieties

t Pt iff there exists
G — covariant polynomial f : f(t) # f(t')

f(t) =0, but f(t') #0

¢ Examp|e: 60®€0®€0+61®61®61

l \1\ f=Cayley hyperdeterminant

~ €gXeg®¥e; +eg®e X®eyg+e1 X egX e



Local spectra (moment map)

ty € C'@ (C’®CY)

Aa = singular values (t'4)?

normalised

t e CtgC?g CH

ordered probability distribution
=spectrum of reduced density operator

[ - <R
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Ac = singular values (t)*
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Entanglement polytopes

EPR

i;llz product
marginal
polytope

@)
Ao L |

AL,

1

Ch-Mitchison, Klyachko,
Daftuar-Hayden (2004)
based in part on Kirwan

Walter-Doran-Gross-Ch,
Sawicki-Oszmaniec-Kus (2010) based on Brion



Experimental Detection

S
(& W wuj

e if measured value
— not in W-polytope
— Then must be in GHZ-class!

 easy test for entanglement!




A little more partial information?

* Orbit closures are G-invariant algebraic varieties

t Pt iff there exists
G — covariant polynomial f : f(t) # f(t')

f(t) =0, but f(t') #0

* f'scome in types indexed by 3 Young diagrams

Ag = ' # boxes=degree




Weyl’s construction

S,, acts acts

e Schur-Weyl duality //

(CHen = EB ® V)

* P, , orthogonal projector onto A\ 4 component

(Pr, ® Py, ® Py )t*"
s
—=: P>

_ (Zu& ) 9" =y v fi(t)

1 ()



Relaxation

* Orbit closures are G-invariant algebraic varieties

t Pt iff there exists

(G — covariant polynomial [ :
f(t) =0, but f(t') #0

if there is \ s.th.

Pyt®™ = 0 but Pyt/®"™ #£ 0

v

occurrence obstructions (Geometric Complexity Theory)
Mulmuley-Sohoni, Strassen, Blrgisser-lkenmeyer, ...



Entanglement polytopes

431
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another relaxation

EPR
S::|Z product
gr 70
Cginal D" 77
polytope

1

(2)
Anax 1L |

1
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5
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A small observation

d=2"

€; — 67;17;2...f,;n = 62'1 039 62'2 X X Gin

d 2 2 2
Zei@)ei: <Z€i1®€z‘1> 024 <Z 6¢2®6¢2> U0 (Z ein®ein>
=1 11=1 12=1 1n=1

— (60 X €0 —+ €1 %Y 61)®n
d

<d>: Zei®ei®ei:(eo®60®60+61®61®61)®n :<2>®n
1=1



(Quantum) information theory

Source Encoder Storage Decoder

Shannon: storage cost= all bits

Source

Encoder Storage Decoder

Source

Shannon: storage cost= H(X) bits/symbol



Asymptotic resource theory

Asymp. restriction ¢t > ¢’ if g®nto(n) - y/@n

Unit

Asymp. rank

Asymp. subrank

/rl

<T>:Z€i®€i®€¢

R(t) :

1=1

lim R(t®”) -

n—oo

lim Q(t®") m

n— oo



Asymptotic analogue of completeness of covariants for degeneration

Strassen’s spectral theorem

t > ¢ iff F(t) > F(t') for all F
under restriction
F monotone F(s) > F(s') for all s > &'
F' normalised F((r)) =7

F multiplicative Frios)=rFe)-Fs)

F' additive F(s@s') = F(s) + F(s')
R(t) — mPa,’XF(t) :> easy
_ <= difficult
Q(t) — mln F(t) every F is an obstruction

F



What are the F's?

* Existence non-constructive
— Compact space worth of them /ﬁ H||‘
— Gauge points: ranks of slicings —
— What are the others? H

 Theorem also true for subclasses of tensors
— Oblique tensor
— Strassen’s support functionals
— Conjecture (Strassen): they are all



Quantum functionals

1
0 = (04,05,0c) probability distribution e.g. 04 = 0 = 0¢c = 3

Ey (t) = )\Iélgé){eAH(AA) + HBH()\B) + ecH()\(j)}

entanglement polytope
Fy (t) .= 9F0(t)

Measures distance to origin (relative entropy distance)

“——— quantum functionals




Quantum functionals

Ey (t) = )\Iérlgé){eAH()\A) + HBH()\B) + Qcﬂ()\g)}

Fg (t) p— 2E9 (t)

easy, since polytope gets smaller under restriction

guantum functional gets smaller
Fy monotone —

easy, since polytope of unit tensor

FQ normalised ~— contains uniform point F({r))=r

Fy multiplicative
Fy additive =

similar to multiplicativity, see paper



Multiplicativity
F@(t &) t/) — F@(t) ° F@(t/)

ﬁF )(t) = 2500

Ey (t X t/) = Fy (t) + Ejy (t/)

= <

easy more difficult



Eg(t@t') > Ey(t) + Ep(t')

Eg(t) = )\IEHAaé){QAH()\A) + HBH()\B) + Qcﬂ()\c)}

Lemma: A(t®t) D At) @A)

Proof: A@®t)={\7):tot>71}
D{A(s®s):tt'>s® s}
={AS)R@N(s) 1t > 5,8 > 5"}

product distribution — A(t) X A(t/) qed



~~
N—

Eg(t@t") < Eg(t) + Ey(t

Lemma:
At ®1t) C At) Qkron AL

Proof: 0+ (Pho ® Pog @ Py )t @ /%"

- [Pna ® Pnp ®Pn7] {(Z Pna) ® (Z Pnb) ® (Z PnC) ® (ZPM’) ® (anb’> ® (ZPM’)] [t@m ®t/®n}

—~—
—id \ |

Pna Pna Pna’ 0
( “ )?é (Pna®Pnb®Pnc)t®n7éO
PnB(Pnb@)Pnb’)?éO 1&n
(Pna’®Pnb’®Pnc’>t 7&0
P'n/y(Pnc@Pnc’) 7é 0 qed




Eo(t@t') < Ey(t) + Ep(t')

Eg(t) = )\IélAaé){QAH()\A) + HBH()\B) + HcH(Ac)}

Lemma:
Alt®t) C A(t) Qkron At

. — . [ NN | /
Subadditivity ’_{(057677) y (CL, ba C) < A(t), (Cl ,b , C ) S A(t ),

V. NeumanQntropy (a7 a/7 a)&(b, b/, B)&(C, C/, ’y) - KI‘OH}
Lemma:If (a,d, o) € Kron, then H(a) < H(a) + H(a')

Proof: 6.H(a )+93H B)+0cH () <04 (H(a) + H(a"))

- +0 b) + H(V
Subadditivity of E opt|maIV B( ( ) ( )2

+ 0 (H(e) + H())



Quantum functionals

First family of universal spectral points
Extend Strassen’s support functionals
Are they complete?

If complete, then w =2

Characterise slice-rank

General setting of tensors of order k
Connect Strassen’s framework to capset



Summary

! - Y,
t>t'if (a®@b®Rc)t =t o

product
for some matrices a, b, c =all

AR N
W7

Eg(t) = )\Iengé){(gAH()\A) + QBH()\B) + QcH(Ac)}

Fy(t) := 2E0®) If all, then w = 2



Recoupling and Quantum
Entropy



Wigner 6j coefficients

Hjl ® sz = @ Hjlz

|71 —721<g12<J1+72

Clebsch-Gordan (Wigner 3j) (j]_ N3] | (j2, m2| |Jl 9 j27 j127 m12)
Hjl & sz & Hj3
J1+je / jz+j\3A
@ Hj12 & HjB @ Hjl S Hj23

j12=|j1—7j2| \ j23=|j2—iy
@ (@) Hj ,, = @ (@) Hj .. probability J

Ji2s \ Ji2 j123 \ j23 amplitude

Winer (415 G2, J12, G123, 123151, G2, G238, G123, M123)



Semiclassical limit

Wigner, Ponzano & Regge, Roberts...

{ka kb kc} o4 37r12/k3 COS {Z(ka + 1)%& + g} if T is Euclidean

kd ke k
¢ | exponentially decaying if T is Minkowskian
=F
I =F
A+B+C D

Existence of Eucledian tetrahedron
Horn’s problem traceless
(with Miriam Backens) Hermitian
SU(d) generalisation matrices




Eigenvalues of Quantum States

Which are the possible eigenvalues of quantum states and
their reduced density matrices?

w  paA=1trppan v PB =1trapan
A PAB

®  linearinequalities

Klyachko 2004, Daftuar & Hayden 2004, Berenstein-Sjamaar 2000, Ressayre 2007

®  Probability density
Christandl, Doran, Kousidis & Walter, 2012

L Multiparticle entanglement

Walter, Doran, Gross & Christandl, 2013



Kronecker coefficients

(ua,up) — us @up

/
~ SU(dadg) ~
[/J’] & [V] — @guv)\[)\] V)\ ‘l’SU(di)fSU(dB)_ @guv)\v;u & Vv
A Y,V
/ Kronecker coefficient of
# boxes =n symmetric group S_n

via Schur-Weyl duality

Young diagram

llm gl“y)\ ~ probability density for eigenvalues
n—00

Christandl & Mitchison, Klyachko, Daftuar &Hayden, 2004
Christandl & Harrow, Mitchison 2005, Christandl, Doran, Kousidis & Walter, 2012 P #NP?




Mathematical Structure
U(da) x U(dp) — U(dadp)
(ua,up) — us Qup
u(da) xu(dg) - u(dadp)

(xa,2B) P AR 1p+ 14 Rxp

u*(da) x u*(dg)  u*(dadp) ( o
(pa, PB) < pap —— — >

Eigenvalues: Intersect image with positive Weyl chamber

Kirwan‘s convexity theorem
essentially
complete
solution

Duistermaat-Heckman measure
Symplectic Quotient vs GIT quotient




Mathematical Structure

D

Collection of subsets of a set of particles Collection of subsets of a set of particles
(non-overlapping) (overlapping)

PB pé\\\ pB‘\\\ pc
\\\\~ ,///' PAé///’ ﬂBé///

N

PABC

-
Quantum Marginal Problem:

condensed matter physics,
?7?7?

guantum chemistry, Lieb &Ruskai

quantum coding theory
\_ ) H(pap) + H(ppc) > H(pp) + H(pasc)

ok!




Recoupling Coefficients of
Symmetric Group

o] ® [8] @ [7]
/ \
Pl e H® @[ Plal  [v] © HE



Recoupling & Eigenvalues

Theorem 1. If there exists a quantum state p opc With eigen-
values r 5, B, TC, TAB, TBC, TABC then there exist Young
diagrams o, 3,7, u, v, A\ = k with k — oo such that

kli{rolo(a’ Ba Nz X) — (?"A,’I“B,TC,?"AB,?"BC,T’ABC) )]

and

1
poly (k)
Conversely, if (r o, 7B, TCc,TAB,TBC, T ABC) is not associated

to a tripartite density matrix then for every sequence of Young
diagrams satisfying (8) we have

125 Mies <ew-am). a0

|| [“ b w ©)

v A 1/] s >



Proof

k
= @ [A] &® V)fl Schur-Weyl
AFEK

(Pd ®k) S pOly(k‘) eXp(—kHX — 7"”%/2) Keyl-Werner

PlleBlRMeVIRVERVy

RN

P HRH 9NV ViQ Vs D M eH VIRV VL
o, 3,7, 1 o, B,y,v

N S

P NeoHFHVieVieVi2 (B NRHYH QVIeVieVy

a, By A o, 3,7,V

31 paBc

with (ra,7B,74B,TBC,TABC) € tTPfBCP}Y)PSbeCpABC > 1/poly(k) <> || [3 f 5] lus >

(TA: TB,TAB,TBC, TABC) ~ (0_45 /81 f?a /7’1 v, 5‘)




Formulation as
Semiclassical Limit

subgroup chain

U(abe) P e Vg
A
Uab) xU(c)  Ula) xUke) DN e H @ dDe V& EBA A ® HY @ Vg V&2
Vobbs A o,v,
U(a) x U(b) x U(c) P NeH oH oV eVe> (D) NeoHS 9H oV VERVD
o, 8,7, A o, 8,7, uA

6j symbols for subgroup chain = 6j symbols of S _n

Grand unifying theories  U(1) x sU(2) x SU(3) — SU(6)



Graphical calculus

o p e p
basis b = \@[3/ and fbg _ W/ tr gb;qbq, = dim[)\]5ij
A A
self-duality
A A
1
A ® AT \?/ A ® ® A dim[\] AT A
1

d1m dlm[ﬁ
ol \ﬁ&j’ =Xt Y






Strong subadditivity

PABC
‘ lTheorem

exists lim (a’ B,’Y’ /J,, ?, X) — (TA, TB, TC) TABJ TBCJ TABC)

a B p 1
H[ ]”Hszipdyﬁﬂ

Symmetr a B dim[y|dim[v] (o p B
| srmmers <{ e ||Hs=\/ e[ s 4] HSJ

dim|v] S 1
dim[A] ~ poly(k)

l Dimension vs Entropy {% logy dim[A] — H(r) j

H(pap) + H(pc) > H(ps) + H(paBC)

dim ]
dim[f]




....\Wigner?

Can be embedded into quantum marginal problem!

extended Horn’s problem
=7

DN |$) aBCD Zﬁzidmc ® VPli) 4|0) 5|0)c|i) p

~

pP +qQ+rR =7 Z
e +va Y idase ® V/QI0)ali)5l0)ci)

+ \/indABC’ 034 \/E|0)A|0)B|i)c|i>9
pa =pP +|0){(0|(qg + ) i

pB = qQ +(0)(0[(p + 1)
pc =rR+10){0|(p + q)
paB = pP + qQ + r]00) (00|
psc = pl00)(00[ +¢Q +rR

paBc =pP +qQ +rR

there is also a representation-theory relation (cf Murnaghan)



Fun Application

H(pap) +H(psc) > H(pp) + H(paBc)

|

PELID) 4 h(p) + (a4 DH(TE T

> h(q) + qH(Q) + H(pP + qQ + rR)

fnew (?) concavity-like inequality for entropvj

h(r) + (p+ q)H(



http://arxiv.org/abs/1204.0741

Summary

Motivation %‘0?
PA PB pc
Result AN / N d
~ PAB /ch
PABC
Application .
PP H (pasbt) B (el B (B{pla) % Hiwney + nH (" %)
> h(r)+rH(R)+ H(pP + qQ + rR)
Future

Spin foams, spin networks, entanglement, ...



