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Introduction XXZ vs. CFT

XXZ vs. CFT

study of the low-lying excitations of the XXZ Hamiltonian
Blöte, Cardy, Nightingale (85), Affleck (85), Alcaraz, Martins (88)

and finite-size corrections Luther, Peschel (75), Lukyanov (98) etc.

HXXZ =
1
2

N

∑
j=1

(
σ

x
j σ

x
j+1 + σ

y
j σ

y
j+1 +

1
2

(q + q−1) σ
z
j σ

z
j+1

)
deformation parameter: q = eπiν,

1
2
< ν < 1

twisted boundary conditions: σ
±
N+1 = e±iΦ

σ
±
1 , σ

z
N+1 = σ

z
1

periodic b.c.: Φ = 0

with the ground-state energy in the limit N→ ∞

E0(N) = e∞N− πc
6

N−1 + O(N−2), c = 1− 6Φ2

π2(1−ν)
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Hidden fermionic structure on the lattice The six-vertex model, Matsubara space and monodromy matrix

The six-vertex model, Matsubara space and
monodromy matrix
It is well known that the XXZ model is related to the six-vertex model.
Integrable structure is generated by R-matrix or L-operator

�

6

≡

j

m Lj,m(ζ) = q−
1
2 σz

j σz
m−ζ

2q
1
2 σz

j σz
m−ζ(q−q−1)(σ

+
j σ
−
m +σ

−
j σ

+
m)

Consider the XXZ-model in infinite volume. Space of states is HS =
∞⊗

j=−∞

C2

Also we introduce the Matsubara space: HM =
n⊗

j=1
C2

and monodromy matrix: TS,M =

y
∞

∏
j=−∞

Tj,M , Tj,M≡ Tj,M(1), Tj,M(ζ) =

x
n

∏
m=1

Lj,m(ζ/τm)

In homogeneous case we take τm = q1/2.
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Hidden fermionic structure on the lattice The local operators

The local operators

Introduce a local operator O on HS which acts non-trivially only on a finite
segment of HS. We call quasi-local operator with tail α the following product

q2αS(0)O

Here we defined

S(k) = 1
2

k
∑

j=−∞

σz
j

So, S(0) acts on the semi-infinite chain and S = S(∞) is the total spin.
We call

q2αS(0)

lattice ‘primary field’ and parameter α – disorder field.
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Hidden fermionic structure on the lattice Partition function

Partition function on cylinder

Cut corresponds to

insertion of local operator O

κ – “imaginary” magnetic field

α – disorder field

Matsubara expectation values:

Zn

{
q2αS(0)O

}
=

TrSTrM

(
TS,M q2κS+2αS(0)O

)
TrSTrM

(
TS,M q2κS+2αS(0)

)
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Hidden fermionic structure on the lattice Fermionic basis of quasi-local operators

Fermionic operators

Describe the basis of quasi-local operators via certain creation
operators. Jimbo, Miwa, Smirnov, Takeyama, HB (07–09)
Creation operators t∗, b∗, c∗ together with annihilation operators b,c
are constructed with help of representation theory of quantum affine
algebra Uq(ŝl2) and act in space

W(α) =
∞⊕

s=−∞

Wα−s,s

where Wα−s,s is subspace of quasi-local operators of the spin s. They
are formal power series of ζ2−1 and have the block structure

t∗(ζ) : Wα−s,s → Wα−s,s ,

b∗(ζ),c(ζ) : Wα−s+1,s−1 → Wα−s,s ,

c∗(ζ),b(ζ) : Wα−s−1,s+1 → Wα−s,s .

t∗(ζ) is bosonic and generates commuting integrals of motion. It
commutes with all fermionic operators b(ζ),c(ζ) and b∗(ζ),c∗(ζ).
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Hidden fermionic structure on the lattice Anti-commutation relations

Anti-commutation relations and fermionic basis

Fermionic operators satisfy canonical anti-commutation relations[
c(ζ),c∗(ζ

′)
]
+

= ψ(ζ/ζ
′,α),

[
b(ζ),b∗(ζ

′)
]
+

=−ψ(ζ
′/ζ,α)

with ψ(ζ,α) =
1
2

ζ
α ζ2 + 1

ζ2−1
.

The operators b and c annihilate the “lattice primary field” q2αS(0)

b(ζ)
(
q2αS(0))= 0, c(ζ)

(
q2αS(0))= 0, S(k) =

1
2

k

∑
j=−∞

σ
z
j .

Space of states is generated via multiple action of t∗(ζ),b∗(ζ),c∗(ζ)
on “primary field” q2αS(0). In this way we get fermionic basis.
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Hidden fermionic structure on the lattice Mode expansions and locality

Mode expansions and locality

Annihilation operators are singular at ζ2→ 1 while creation operators
are regular:

b(ζ) = ζ
−α−S

∞

∑
p=0

(ζ
2−1)−pbp, c(ζ) = ζ

α+S
∞

∑
p=0

(ζ
2−1)−pcp

b∗(ζ) = ζ
2+α+S

∞

∑
p=1

(ζ
2−1)p−1b∗p, c∗(ζ) = ζ

2−α−S
∞

∑
p=1

(ζ
2−1)p−1c∗p

t∗(ζ) =
∞

∑
p=1

(ζ
2−1)p−1t∗p

Locality:

bp(X) = cp(X) = 0 for p > length(X)

length(b∗p(X))≤ length(X) + p, length(c∗p(X))≤ length(X) + p

length(t∗p(X))≤ length(X) + p
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Hidden fermionic structure on the lattice Relation to correlators, JMS-theorem

Relation to the correlation functions
Correlation functions of quasi-local operators O are generated by two
transcendental functions ρ and ω. ρ is related to one-point function, ω is
related to nearest neighbor correlators

ω(ζ,ζ′) = Zn(b∗(ζ)c∗(ζ
′)q2αS(0))

Both functions depend on temperature, disorder parameter and magnetic
field, we call them physical part.

In contrast to this, the basis is pure algebraic. It is built using
representation theory of quantum group. We call it algebraic part.

The JMS-theorem allows to explicitly calculate Jimbo, Miwa, Smirnov (09)

Zn
{

t∗(ζ
0
1) · · · t∗(ζ

0
p)b∗(ζ

+
1 ) · · ·b∗(ζ

+
q )c∗(ζ

−
q ) · · ·c∗(ζ

−
1 )
(
q

α
0

∑
j=−∞

σ
z
j )}

=

=
p

∏
i=1

2ρ(ζ
0
i )det

∣∣∣ω(ζ
+
i ,ζ

−
j )
∣∣∣
i,j=1,···q

generating function for series in ζ
2−1
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The function ω

The function ω

In more general case:

ω(ζ,ζ′) = ω(ζ,ζ′|κ,κ′;α), κ = (κ,S), κ′ = (κ
′,S′)

with different spin sectors S,S′

There are several equivalent definitions of ω

via deformed Abelian integrals Jimbo, Miwa, Smirnov (09)

via solution of linear and non-linear integral equations that come from
thermodynamical description of the six-vertex model Göhmann, HB (09-12)

via the function Φ. Göhmann, HB (12)
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The function ω

The function ω via integral equations

1
4

ω(ζ,ξ|κ,κ′;α) =
1
4

ω̃(ζ,ξ|κ,κ′;α) + ω0(ζ,ξ|κ,κ′;α),

1
4

ω̃(ζ,ξ|κ,κ′;α) =−(fleft ?Gright)(ζ,ξ), ω0(ζ,ξ) = δ
−
ζ

δ
−
ξ

∆−1
ζ

ψ(ζ/ξ,α)

Gright + Kα ?Gright = fright, (F ?G)(ζ,ξ) =
∫

γ

dm(η)F(ζ,η) G(η,ξ)

dm(η) :=
dη2

η2ρ(η)(a(η) + 1)
, a(η) :=

a(η)

d(η)

Q(qη)

Q(q−1η)
, ρ(η) :=

T (η,κ′)
T (η,κ)

BAE: a(λi ) =−1, Q(ζ) := Q(ζ,κ) = ζ
−κ+S

n/2−S

∏
i=1

(
1− ζ2

λ2
i (κ)

)
integration contour γ goes around the points ζ2,ξ2 and all Bethe roots λ2

i in
counterclockwise direction. Also we defined:

Kα(ζ,ξ) :=
1

2πi
∆ζψ(ζ/ξ,α) fleft(ζ,ξ) :=

1
2πi

δ
−
ζ

ψ(ζ/ξ,α), fright(ζ,ξ) := δ
−
ξ

ψ(ζ/ξ,α)

∆ζf (ζ) := f (qζ)− f (q−1
ζ), δ

−
ζ

f (ζ) := f (qζ)−ρ(ζ)f (ζ)
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The function ω

Define the function ω+ replacing ψ by ψ+ in all above definitions

ω+(ζ,ξ) := ω(ζ,ξ)|ψ→ψ+
, ψ+(ζ,α) =

ζα

ζ2−1
, ψ(ζ,α) = ψ+(ζ,α) +

ζα

2

We can rewrite the functions ω̃ and ω̃+ by taking ζ2,ξ2 out of the contour γ

1
4

ω̃(ζ,ξ) = W (ζ,ξ) +∑
i,j

V (λi ,ζ|−α)(U−1)i,jV (λj ,ξ|α),

W(ζ,ξ) =
ψ(qζ/ξ,α)

(1 + ā(ζ))(1 +a(ξ))
− ψ(q−1ζ/ξ,α)

(1 +a(ζ))(1 + ā(ξ))
−
(

ρ(ζ)

1 +a(ξ)
− ρ(ξ)

1 +a(ζ)

)
ψ(ζ/ξ,α),

V(ζ,ξ|α) =
ψ(qζ/ξ,α)

1 +a(ξ)
+

ψ(q−1ζ/ξ,α)

1 + ā(ξ)
−ρ(ξ)ψ(ζ/ξ,α)

Ui,j =
δi,j

mi
+ ψ(qλi/λj ,α)−ψ(q−1

λi/λj ,α), mi = res
η2=λ2

i
dm(η), ā(η) :=

1
a(η)

and similar for ω̃+ by replacement W →W+,V → V+,U→ U+

1
4

ω̃+(ζ,ξ) = W+(ζ,ξ) +∑
i,j

V+(λi ,ζ|2−α)(U−1
+ )i,jV+(λj ,ξ|α)

Hermann Boos (BUW – FG Physik) Application of hidden fermionic structure to the integrable QFT February 4, 2023 13 / 36



The function ω

Symmetries α→−α and α→ 2−α

Since we have

ψ(ζ,α) =−ψ(ζ
−1,−α), ψ+(ζ,α) =−ψ(ζ

−1,2−α)

we can check the following symmetries:

ω(ζ,ξ|κ,κ′,α) = ω(ξ,ζ|κ,κ′,−α),

ω+(ζ,ξ|κ,κ′,α) = ω+(ξ,ζ|κ,κ′,2−α)

As we will see both symmetries are important.
Proposition

ω(ζ,ξ|κ,κ′,α) = ω+(ζ,ξ|κ,κ′,α)

if α = κ′−S′−κ + S,S′ ≥ S or α =−κ′+ S′+ κ−S,S′ ≤ S
It seems to be more convenient to show this statement using the third
’Φ-formulation’.
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The function ω

The function ω via the function Φ

Introduce function Φ(ζ,ξ) := Φ(ζ,ξ|κ,κ′;α)

Φ(ζ,ξ) = Φ̃(ζ,ξ) + ∆−1
ζ

ψ(ζ/ξ,α),

where the following relation should be satisfied

resζ2=λ2
i

(
1

ρ(ζ)(1 +a(ζ))
+

Φ̃(ζ,ξ)

∆ζΦ(ζ,ξ)

)
= 0

It can be checked that Φ̃(ζ,ξ) = ∑
i,j

ψ(ζ/λi ,α) (U−1)i,j ψ(ξ/λj ,−α)

solves the above relation. Then the functions ω and ω+ look:
1
4

ω(ζ,ξ) = Hζ Hξ Φ(ζ,ξ), (Hζf )(ζ) :=
1

1 + ā(ζ)
f (qζ) +

1
1 +a(ζ)

f (q−1
ζ) − ρ(ζ)f (ζ)

1
4

ω+(ζ,ξ) = Hζ Hξ Φ+(ζ,ξ), Φ+(ζ,ξ) = Φ̃+(ζ,ξ) + ∆−1
ζ

ψ+(ζ/ξ,α)

Φ̃+(ζ,ξ) = ∑
i,j

ψ+(ζ/λi ,α) (U−1
+ )i,j ψ+(ξ/λj ,2−α)
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The function ω

We obtain a factorised form for the difference

Φ(ζ,ξ)−Φ+(ζ,ξ) =− 2
(qα−q−α)(1 + p+)

×
(

∑
i

p̄+
i λ

α
i ψ+(ζ/λi ,α)− ζα

2

)(
∑

j
p+

j λ
−α

j ψ+(ξ/λj ,2−α) +
ξ−α

2

)
p+

j :=
qα−q−α

2 ∑
i

λ
−α

i

(
U−1

+

)
i,j λ

α
j , p̄+

i :=
qα−q−α

2 ∑
j

λ
−α

i

(
U−1

+

)
ij λ

α
j ,

p+ := ∑
i

p+
i = ∑

i
p̄+

i

In fact, we can express p+
j , p̄

+
j via the residues of the function: h(ζ) := Q(ζ,κ′)

Q(ζ,κ)

using the result of the integral in case α = κ′−S′−κ + S,S′ ≥ S, for instance:
1

2πi

∫
γB

dζ2

ζ2 λ
α
j

((
h(q−1

ζ)−h(qζ)
)
ψ+(ζ/λj ,α) + h(ζ)

(
ψ+(qζ/λj ,α)−ψ+(q−1

ζ/λj ,α)
))

= ∑
i

res
ζ2=λ2

i

(
ζ

α−2h(ζ)
)

(λi/λj )
−α U+

i,j = qα−q−α

So, we get p+
j =

1
2

res
ζ2=λ2

j

(
ζ

α−2h(ζ)
)
, ∑

j
p+

j λ
−α

j ψ+(ξ/λj ,2−α)+
ξ−α

2
=

1
2

h(ξ)

Finally, we come to the statement of the above proposition since Hξh(ξ) = 0.
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The function ω

Further properties

Using the above results, we can show

Proposition: Normalization condition
If the above relations of α to κ and κ′ is satisfied and 0 < α < 2 then

lim
ζ→∞

ω+(ζ,ξ) = lim
ζ→0

ω+(ζ,ξ) = lim
ξ→∞

ω+(ζ,ξ) = lim
ξ→0

ω+(ζ,ξ) = 0

Proposition: κ↔ κ′ symmetry F. Smirnov, HB (23)

ω+(ζ,ξ|κ,κ′;α) = ρ(ζ|κ,κ′) ρ(ξ|κ,κ′) ω+(ζ,ξ|κ′,κ;α)
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The function ω

The proof is based on the following relation for the difference

diff(ζ,ξ) =
1
4

(
ω(ζ,ξ|κ,κ′,α)−ρ(ζ|κ,κ′)ρ(ξ|κ,κ′)ω(ζ,ξ|κ′,κ,α)

)
=

d(ζ)d(ξ)X(ζ,ξ)−d(ζ)a(ξ)X(ζ,ξq)−a(ζ)d(ξ)X(ζq,ξ) + a(ζ)a(ξ)X(ζq,ξq)

T (ζ,κ)T (ξ,κ)Q(ζ,κ)Q(ξ,κ)Q(ζ,κ′)Q(ξ,κ′)

We show that X(ζ,ξ) = (ζ/ξ)α Pol(ζ2,ξ2)
where Pol(ζ2,ξ2) is a polynomial of degree n−S−S′−1 wrt both variables ζ2,ξ2.

Then we introduce combination

Y (ζ,ξ) = Q(qζ,κ)X(ζ,ξ) + Q(q−1
ζ,κ)X(ζq,ξ)

and show that

Y (λi ,ξ) = Y (λ
′
i ′ ,ξ) = 0, for all i = 1, · · · ,n/2−S and i ′ = 1, · · · ,n/2−S′.

Similar statement is valied for X hence we come to the result that X(ζ,ξ) = 0.
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Application to QFT Continumm limit

Application to QFT: continuum limit
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Application to QFT Scaling limit

Scaling limit

Aim is two-fold :

to obtain the CFT with non-trivial c = 1−6ν2/(1−ν), q = eπiν,
1/2 < ν < 1

to consider asymptotic series for κ→ ∞

Scaling: Introduce lattice spacing a and take

τm = q1/2, n→ ∞, a→ 0, na = 2πR with fixed radius of cylinder R

Lieb distribution gives: λj '
(
πj/n

)ν
. Spectral parameter must be re-scaled:

ζ = λāν, ā = Ca, C =
Γ( 1−ν

2ν
)

2
√

πΓ( 1
2ν

)
Γ(ν)

1
ν

Conjecture:

ρ
sc(λ) = lim

scaling
ρ(λāν), ω

sc(λ,µ) =
1
4

lim
scaling

ω(λāν,µāν)
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Application to QFT Conjectures on operators in scaling

Conjectures on operators in scaling:

The creation operators are well-defined in the scaling limit for space
direction when ja = x is finite

τ
∗(λ) = lim

a→0

1
2

t∗(λāν), β
∗(λ) = lim

a→0

1
2

b∗(λāν), γ
∗(λ) = lim

a→0

1
2

c∗(λāν)

Asymptotic expansions at λ→ ∞ look

log
(
τ
∗(λ)

)
'

∞

∑
j=1

τ
∗
2j−1λ

− 2j−1
ν

1√
τ∗(λ)

β
∗(λ)'

∞

∑
j=1

β
∗
2j−1λ

− 2j−1
ν ,

1√
τ∗(λ)

γ
∗(λ)'

∞

∑
j=1

γ
∗
2j−1λ

− 2j−1
ν .
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Application to QFT Integrals of motion

Integrals of motion

In 1987 Alexander Zamolodchikov introduced local integrals of motion
which act on local operators as

(i2n−1O)(w) =
∫

Cw

dz
2πi

h2n(z)O(w) (n ≥ 1)

where the densities h2n(z) are certain descendants of the identity
operator I. An important property is that

〈∆−|i2n−1
(
O(z)

)
|∆+〉= (I+

2n−1− I−2n−1)〈∆−|O(z)|∆+〉
Ln|∆+〉= δn,0∆+|∆+〉 n ≥ 0, 〈∆−|Ln = δn,0∆−〈∆−| n ≤ 0

where I±2n−1 denote the vacuum eigenvalues of the local integrals of
motion on the Verma module with conformal dimension ∆±. The Verma
module is spanned by the elements

i2k1−1 · · · i2kp−1l−2l1 · · · l−2lq (Φα(0)), ∆α =
ν2α(α−2)

4(1−ν)
In case when ∆+ = ∆− the space is spanned by the even Virasoro
generators {l−2n}n≥1.
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Application to QFT Asymptotic expansions

Asymptotic expansions

Using the result by Bazhanov, Lukyanov, Zamolodchikov (96-99), we get
asymptotic expansion

log ρ
sc(λ)'

∞

∑
j=1

λ
− 2j−1

ν Cj
(
I+
2j−1− I−2j−1

)
→ τ

∗
2j−1 = Cj i2j−1

ω
sc(λ,µ)'

√
ρsc(λ)ρsc(µ)

∞

∑
i,j=1

λ
− 2i−1

ν µ−
2j−1

ν ωi,j

Scaling limit of the determinant formula

Z κ,κ′

R

{
τ
∗(λ

0
1) · · ·τ∗(λ

0
p)β
∗(λ

+
1 ) · · ·β∗(λ

+
r )γ
∗(λ
−
r ) · · ·γ∗(λ

−
1 )
(
Φα(0)

)}
=

p

∏
i=1

ρ
sc(λ

0
i )×det

(
ω

sc(λ
+
i ,λ

−
j )
)

i,j=1,...,r .

Technical problem: We get coefficients ωi,j by the Wiener-Hopf
technique only for κ = κ′ when ∆+ = ∆− and ρsc(ζ) = 1 i.e. modulo the
integrals of motion. ∆+ = ν2

4(1−ν) (κ2−1), ∆− = ν2

4(1−ν) (κ′2−1)
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Application to QFT Correspondence to CFT 3-point correlator

Correspondence to CFT 3-point correlator

Important conjecture: it is possible to state the correspondence

〈∆−|Pα

(
{l−k}

)
Φα(0)|∆+〉

〈∆−|Φα(0)|∆+〉
= lim

n→∞,a→0,na=2πR
Zn
{

q2αS(0)O
}

between a polynomial Pα({l−k}) and some combinations of β
∗
2j−1,γ

∗
2j−1.

Introduce β
∗
2m−1 = D2m−1(α)β

CFT∗
2m−1, γ

∗
2m−1 = D2m−1(2−α)γ

CFT∗
2m−1

Even and odd bilinear combinations

φ
even
2m−1,2n−1 = (m + n−1)

1
2

(
β

CFT∗
2m−1γ

CFT∗
2n−1 + β

CFT∗
2n−1γ

CFT∗
2m−1

)
,

φ
odd
2m−1,2n−1 = d−1

α (m + n−1)
1
2

(
β

CFT∗
2n−1γ

CFT∗
2m−1−β

CFT∗
2m−1γ

CFT∗
2n−1

)
,

dα =
ν(ν−2)

ν−1
(α−1)

Hermann Boos (BUW – FG Physik) Application of hidden fermionic structure to the integrable QFT February 4, 2023 24 / 36



Application to QFT Identification with Virasoro Verma module

Identification with Virasoro Verma module
If we accept an equivalence of the spaces spanned by

i2k1−1 · · · i2kp−1l−2l1 · · · l−2lq (Φα(0)) and

i2k1−1 · · · i2kp−1

×φ
even
2m1−1,2n1−1 · · ·φeven

2mr−1,2nr−1φ
odd
2m̄1−1,2n̄1−1φ

odd
2m̄r̄−1,2n̄r̄−1

(
Φα(0)

)
we can identify modulo integrals of motion (∆≡∆α)

Jimbo, Miwa, Smirnov, HB (10), HB (11)

φ
even
1,1
∼= l−2, φ

even
1,3
∼= l2−2 +

2c−32
9

l−4, φ
odd
1,3
∼=

2
3

l−4

φ
even
1,5
∼= l3−2 +

c + 2−20∆ + 2c∆

3(∆ + 2)
l−4l−2 + · · · l−6

φ
odd
1,5
∼=

2∆

∆ + 2
l−4l−2 +

56−52∆−2c + 4c∆

5(∆ + 2)
l−6

φ
even
3,3
∼= l3−2 +

6 + 3c−76∆ + 4c∆

6(∆ + 2)
l−4l−2 + · · · l−6
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Application to QFT Freedom in definition of the creation operators

Freedom in definition of the creation operators

”Gauge transform”:

b∗→ e−Ω b∗ eΩ, c∗→ e−Ω c∗ eΩ

Ω =
1

(2πi)2

∮
Γ

dζ2

ζ2

∮
Γ

dξ2

ξ2 ω
′(ζ,ξ) c(ξ)b(ζ), ω→ ω + ω

′

If we take ω′ = 0, we get for naive limit n→ ∞ (without rescaling of
Bethe roots):

Z∞(OqαS(0)) =
〈vac|OqαS(0)|vac〉
〈vac|qαS(0)|vac〉

=

{
1, if O = τm, m ∈ Z
0, otherwise

For target space Wα,0 : ζ
−αb∗(ζ)→ 0, ζ

αc∗(ζ)→ 0, ζ→ 0
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Application to QFT Screening operators

Screening operators

The other ”gauge” choice with ω′ =−ω0:
b∗→ b∗0 = O(ζα), c∗→ c∗0 = O(ζ2−α), ζ→ 0

Acting in the subspace Wα,0

b∗0(ζ) =
∞

∑
j=1

ζ
α−2+2jb∗screen,j , c∗0(ζ) =

∞

∑
j=1

ζ
−α+2jc∗screen,j

b∗screen,j ,c
∗
screen,j are non-local.

Scaling

β
∗
screen(λ) = lim

a→0

1
2

b∗0(λāν), γ
∗
screen(λ) = lim

a→0

1
2

c∗0(λāν) for λ→ 0

and for ρ = 1

β
∗
screen(λ)'

∞

∑
j=1

λ
α+2j−2

β
∗
screen,j , γ

∗
screen(λ)'

∞

∑
j=1

λ
−α+2j

γ
∗
screen,j
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Application to QFT Fermionic construction of primary field

Fermionic construction of primary field

Let Vα be the subspace obtained by acting β
∗
2j−1,γ

∗
2j−1 and integrals of motion

i2k−1. In case κ = κ′ we factor out the integrals of motion

Vquo
α = Vα/∑ i2k−1Vα

The basis of Vquo
α : β

∗
I+ ,γ∗I−Φα(0) moving inside Verma module

β
∗
I+ = β

∗
2k1−1 · · ·β

∗
2kn−1, γ∗I− = γ∗2jn−1 · · ·γ∗2j1−1.

Acting on Φα(0) by β
∗
2j−1,γ

∗
2j−1,β

∗
screen,j ,γ

∗
screen,j , one gets a space Hα ⊃ Vquo

α

The claim is: Vquo

α+2m (1−ν)
ν

⊂Hα, m ∈ Z≥0 Jimbo, Miwa, Smirnov (11)

Moving between Verma modules: Φ
α+2m (1−ν)

ν

(0)∼= β
∗
Iodd(m)

γ∗
screen,I(m)Φα(0)

γ∗
screen,I(m) = γ∗screen,m · · ·γ∗screen,1, I(m) = (1,2, · · · ,m), Iodd(m) = (1,3, · · · ,2m−1)

Conformal dimensions of operators:
β
∗
2j−1,γ

∗
2j−1 : 2j−1, β

∗
screen,j : ν(2−α−2j), γ∗screen,j : ν(α−2j)
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Application to QFT Fermionic construction of primary field

The case of the sine-Gordon model (sG)

The sG model: SsG =
∫

d2x

(
1

16π
(∂µϕ(x))2 +

µ
sinπβ2 2cos(βϕ(x))

)
Φα = e

να

2(1−ν) (iβϕ)
, ν = 1−β

2, p =
β2

1−β2 ,
1
2
< ν < 1, 0 < α < 2

is considered as integrable perturbation of the CFT. Also it can be obtained as
continuum limit of the six-vertex model. The homogeneous lattice should be
replaced by the inhomogeneous one: ζj = ζ

(−1)j

0 ,τm = ζ
(−1)m

0

Scaling limit: n→ ∞, a→ 0, na = 2πR, ζ0→ ∞, µ = ζ
−1
0 (Ca)−ν

Claim: The fermionic basis can be applied to sG model Jimbo, Miwa, Smirnov (10-11)

The creation operators b∗,c∗ split into the pair of operators b±∗,c±∗ stemming
from the expansion series around ζ2 = ζ

±2
0 respectively with the

nearest-neighbor correlators: Zn{b±∗(ζ)c±∗(ξ)(q2αS(0))}= ω(ζ,ξ),

Zn{b±∗(ζ)c∓∗(ξ)(q2αS(0))}= ω̃(ζ,ξ)
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Application to QFT Fermionic construction of primary field

The space of the descendants of the exponential field Φα in the sG model is
identified with the tensor product of Verma modules Vα⊗ V̄α. Considering
CFT and sG model as scaling limits of homogeneous and inhomogeneous
six-vertex models, respectively, one can expect that the action of local
integrals of motion i2j−1, ī2j−1 and fermions β∗2j−1,γ

∗
2j−1, β̄

∗
2j−1, γ̄

∗
2j−1 for CFT

are in one-to-one correspondence with those for sG. Also one can consider
Vquo

α ⊗ V̄quo
α . Two chiralities emerge via scaling:

1
2

b+∗ −−−−→
scaling

β
+∗(ζ)−−−→

ζ→∞

β
∗
2j−1, β̄

∗
screen,j ,

1
2

c+∗ −−−−→
scaling

γ
+∗(ζ)−−−→

ζ→∞

γ
∗
2j−1, γ̄

∗
screen,j

1
2

b−∗ −−−−→
scaling

β
−∗(ζ)−−→

ζ→0
β̄
∗
2j−1,β

∗
screen,j ,

1
2

c−∗ −−−−→
scaling

γ
−∗(ζ)−−→

ζ→0
γ̄
∗
2j−1,γ

∗
screen,j

The identification of the shifted primary field can be got from that of the CFT:

Φα+2pm(0)∼= Cm(α) β
∗
Iodd(m) γ̄

∗
Iodd(m) Φ

(m)
α (0)

Φ
(m)
α (0) = imµ2m

m−1

∏
j=0

ctg(πν(j−α/2)) β̄
∗
screen,I(m) γ

∗
screen,I(m) Φα(0)

In particular, Φα+2p(0)∼=−iµ2 ctg(πνα/2)C1(α) β
∗
1 γ̄
∗
1 β̄
∗
screen,1 γ

∗
screen,1 Φα(0)
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Application to QFT Fermionic construction of primary field

Simplest examples

Some ratios can be computed and related to the function ω:

for the CFT when ∆+ = ∆−

〈∆−|Φα+2p(0)|∆+〉
〈∆−|Φα(0)|∆+〉

=−iµ2 ctg(πνα/2)C1(α) Z∞{β∗1 γ̄
∗
1 β̄
∗
screen,1 γ

∗
screen,1(q2αS(0))}

and compared with the Dorn-Otto-Zamolodchikov-Zamolodchikov
formula.

for one-point function of the sG model

〈Φα+2p(0)〉sG
R=∞

〈Φα(0)〉sG
R=∞

and compared with the Lukyanov-Zamolodchikov formula.
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Application to QFT Fermionic construction of primary field

The function A

It is more convenient to change variables. Introduce Z := ζp+1,X := ξp+1.
Further (with slight abuse of notation and appologies to Karl Weierstraß)

℘(Z ) := ρ(Z
1

p+1 ), Ψ(Z ,α) :=
2

p + 1
ψ+(Z

1
p+1 ,α),

Kα(Z ) :=
1

2πi

(
Ψ(eiπZ ,α)−Ψ(e−iπZ ,α)

)
Ω(Z ,X |α) :=

1
4
· 2

p + 1
ω(Z

1
p+1 ,X

1
p+1 )

fα(Z ,X) := Ψ(e−iπZ/X ,α)−℘(X)Ψ(Z/X ,α)

To describe the function Ω, we start with the DDV-equation:

1
i

logA(Z |κ) = 2πMR(Z −Z−1)− 4πκ

p
−2

∞∫
0

dS
S

G(Z/S) Im log

(
1 +A(Se+i0|κ)

)
with soliton mass M related to µ: µ = ( 1

4 MC−1)ν and the kernel

G(Z) =

∞∫
−∞

dk Z ik sinh π(1−2p)k
2

4πsinh( πpk
2 )cosh( πk

2 )
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Application to QFT Fermionic construction of primary field

The function ℘and resolvents

log℘(Z ) =
1
π

∞∫
0

dS
S

Im
(

2ZX
Z 2e−i0−S2 L(Sei0)

)
L(S) := log

(
1 +A(Z |κ′)

)
− log

(
1 +A(Z |κ)

)
Asymtotically: log℘(Z ) '

Z → ∞

∞

∑
j=1

Z−2j+1∆I2j−1, log℘(Z ) '
Z → 0

∞

∑
j=1

Z 2j−1∆Ī2j−1

In the CFT limit: ∆I2j−1 = M−2j+1C2j−1(I2j−1(κ′)− I2j−1(κ))

Dressed resolvent (two steps definition):

‘bare’ resolvent Rα:

Rα−Kα ◦Rα = Kα, (F ◦F ′)(Z ,X) :=
∞∫
0

dS
S℘(S) F(Z ,S)F ′(S,X)

‘dressed’ resolvent Rdress
α : Rdress

α +Rα ∗Rdress
α = Rα

(F ∗F ′)(Z ,X) :=

∞∫
0

dS
S℘(S)

Re
(

1
1 +A(Se−i0)

)
F(Z ,S)F ′(S,X)
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Application to QFT Fermionic construction of primary field

The function Ω

First, we introduce
Fα := fα +Rdress

α ∗ fα

The function Ω splits into two parts:

Ω(Z ,X |α) = Ω(1)(Z ,X |α) + Ω(2)(Z ,X |α)

Ω(1)(Z ,X |α) :=− 1
2πi

(
F2−α ∗Fα−F2−α ∗Rdress

α ∗Fα

)
(Z ,X)

Ω(2)(Z ,X |α) := U(Z ,X)− 1
πi

(U ◦Fα)(Z ,X)

U(Z ,X) :=
1
4

(
1−℘(Z )

)(
1 +℘(X)

)Z 2 + X 2

Z 2−X 2

−1
4

(
1 +℘(Z )

)(
1−℘(X)

) 2Z X
Z 2−X 2

Asymptotics (ε,ε′ =±) (numerical computation of few coefficients Ω): F.Smirnov,HB (18)

Ω(Z ,X |α) '
log (Z)→ ε ·∞
log (X)→ ε′ ·∞

(℘(Z )℘(X))
1
2

∞

∑
j,k=1

Z−ε(2j−1)X−ε′(2k−1)Ωε(2j−1),ε′(2k−1)
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Application to QFT Fermionic construction of primary field

Shift of α

There should exist relation wrt shift of α. Asymptotics wrt the first argument:

Ω(Z ,X |α) '
log(Z)→±∞

(
℘(Z )

) 1
2

∞

∑
j=1

Z∓(2j−1)Ω±(2j−1)(X |α)

Theorem (F. Smirnov, HB (23))

(X/Z )2 Ω(Z ,X |α + 2p)−Ω(Z ,X |α) +

(
Ω−1(Z |2−α)+Ξ†(Z |α)

)(
Ω1(X |α)+Ξ(X |α)

)
Ω1,−1(α)+Ξ(α)

= Ξ(Z ,X |α),

Ξ(Z ,X |α) :=
1
2i
{2t1(α)

X
Z

(1 +℘(Z ))(1 +℘(X))

−
((

X
Z

)2

t2(α) + t0(α)

)
(1−℘(Z ))(1−℘(X))}, tj (α) :=

1
2

ctg
π

2
(α + j(p + 1))

Ξ(Z ,X |α) '
Z → ∞

Z−1 Ξ(X |α), Ξ(X |α) =
1
2i

(4t1(α)X(1 +℘(X)) + t0(α)∆I1(1−℘(X)))

Ξ(Z ,X |α) '
X → 0

X Ξ†(Z |α), Ξ†(Z |α) =
1
2i

(4t1(α)Z−1(1 +℘(Z)) + t0(α)∆Ī1(1−℘(Z)))

Ξ(α) :=
1
2i

(2t1(α)−∆I1∆Ī1t0(α))
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Conclusions Conclusions

Conclusions

We saw that the function ω has many symmetries, in particular, the κ↔ κ′

symmetry which is satisfied inspite of the fact that these two parameters enter in
rather different manner. Probably, there exists an explicitly symmetric
description which might help us to solve what we call ρ-problem and escape the
condition κ = κ′ in order to involve the contribution of the integrals of motion.

The invariance of ω under the reflection σ1 : α→ 2−α is connected with the
natural symmetry of the CFT since ∆α = ∆2−α. We did not discuss the second
reflection σ2 : α→−α which originates from the sG model. The idea to use
both these symmetries was promoted by Negro and Smirnov (13). Also it
helped us together with Smirnov (18) to incorporate the integrals of motion for
few particular cases of Virasoro levels.

We expect that the last discussed α-shift relation for ω should be helpful in
further understanding of the shifted Virasoro modules and, in particular, of
different identities discovered by Jimbo, Miwa and Smirnov (11) in this context.
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